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INTRODUCTION
This paper will verify one case of a conjecture made by Everett C. Dade
w x11 in 1990 concerning the number of characters in certain blocks of finite
groups. The conjecture is called the McKay]Alperin]Dade conjecture or
.the M-A-D conjecture as it is based on an earlier conjecture of McKay as
w xextended by Alperin 2 . It will be verified here for all primes p and all
p-blocks B of all the covering groups of the Mathieu group M .22
w xIn their 1989 paper 22 , R. Knorr and G. Robinson translated Alperin'sÈ
conjecture into a statement involving an alternating sum of ordinary
irreducible characters of normalizers of normal chains of p-groups. Dade
used this approach in formulating the M-A-D conjecture, which states that
the number of complex irreducible characters with a fixed defect d, in a
p-block B of a finite group G, can be expressed as an alternating sum of
the number of complex irreducible characters with the same defect d in
related blocks B9 of certain p-local subgroups of G. The alternating sums
used in the conjecture are over conjugacy classes of radical p-chains C of
 .G. The local subgroups involved are the normalizers N C of theseG
chains.
Dade claimed that his conjecture, in its most general form, holds for
arbitrary finite groups if it holds for all covering groups of finite, non-
abelian, simple groups. Therefore, the verification of that conjecture is
reduced to a verification of it for all such covering groups. As mentioned
above, this paper provides the verification for the covering groups of M .22
The form of the conjecture which we verify is equivalent to the most
general form for the covering groups of M because the outer automor-22
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phism group of M is cyclic. In Sect. 1 we introduce the notation and22
terminology used in the rest of the paper. Section 2 contains information
about the group M . We include a description of the covering groups, as22
w xwell as the outer automorphism group, of M . Dade has proven 13 that22
the form of the conjecture which we use here holds for all p-blocks with
cyclic defect groups. This implies that the M-A-D conjecture holds for all
p-blocks of covering groups of M when p ) 3. In Sect. 3, we verify that22
the M-A-D conjecture holds for the 3-blocks of any covering group, and in
Sect. 4, we verify the conjecture for the 2-blocks.
1. DEFINITIONS AND TERMINOLOGY
1.1. Radical p-Chains and Radical p-Groups
Let G by any finite group and p be any prime. Define H F G as ``H is
 .a subgroup of G.'' Denote the center of G by Z G . We shall depict
conjugation in G exponentially so that s t s ty1st and Ht s ty1Ht for
 .  .s , t g G and H F G. If H, K F G, then N H and C H will be usedK K
to denote the normalizer and centralizer, respectively, of H in K. As
 .usual, O G will denote the largest normal p-subgroup of G. We usep
 .Syl G for the family of all Sylow p-subgroups of G. If P is a p-group,p
 .then V P will denote its subgroup generated by all s g P satisfying
s p s 1. The commutator of two elements g and h of G will be denoted
w x y1 y1by g, h s g h gh.
We shall frequently follow the notation for groups used in the Atlas of
w x 4Finite Groups 8 . For example, 2 : S will represent a split extension of a4
normal elementary abelian subgroup of order 24 by the symmetric group
S on 4 letters. However, when we wish to identify the elementary abelian4
subgroup as E, we shall denote this same split extension by E i S . In4
general, S and A will denote, respectively, the symmetric and alternatingn n
groups on n letters. The quaternion and dihedral groups of order 8 will be
denoted by Q and D , respectively. As usual, Z will denote the cyclic8 8 n
 .group of order n. We use GL n, q to denote the general linear group of
 .n = n matrices with entries in the field of order q. Also, SL n, q will
 .denote the special linear subgroup of GL n, q which consists of all
 .matrices with determinant 1. Further, PSL n, q will denote the factor
 .   ..group SL n, q rZ SL n, q . Following the convention used in the Atlas,
 .  .L q will also be used to denote the group PSL n, q . The symplecticn
 .  .group Sp q is the subgroup of GL n, q consisting of those elementsn
 .which preserve a given nonsingular, alternating, bilinear form f x, y .
 .Notice that any element of Sp q must have determinant 1, and, there-n
fore, the general and special symplectic groups are the same. We use the
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w x  .Atlas notation 8 to denote the projective symplectic group PSp q byn
 .S q . We shall frequently use a superscript to identify a particular copy ofn
a known group. For example, D1. will indicate a particular group isomor-8
phic to D .8
w xIn 3 , Alperin and Fong defined radical p-subgroups as follows.
DEFINITION 1.1.1. A radical p-subgroup of G is a subgroup P F G
satisfying
P s O N P . . .p G
 .    ...Since N P F N V Z P for any p-subgroup P of G, it is clear thatG G
 .1.1.2 P is a radical p-subgroup of G if and only if it is one of
   ...N V Z P .G
Hence the nontrivial radical p-subgroups of G are among those of the
 .N H where H runs over the nontrivial elementary abelian p-subgroupsG
of G. This fact is frequently useful in identifying radical p-subgroups of a
group G.
DEFINITION 1.1.3. A p-chain C of G is any nonempty, strictly increas-
ing chain
C : P - P - P - ??? - P0 1 2 n
< <of p-subgroups P of G. The length of such a chain is C s n G 0, thei
number of its inclusions. For a chain C of length n and an integer
i s 0, 1, . . . , n we use C to denote the initial subchain P - P - ??? - Pi 0 1 i
of length i.
 .Denote by C s C G the family of all p-chains of G. Let K be a group
acting as automorphisms of G. If s g K, then s sends the p-chain C of
 .1.1.3 to the p-chain
Cs : P s - P s - ??? - P s.0 1 n
The stabilizer of C in any such group K is the ``normalizer''
N C s N P l N P l ??? l N P . .  .  .  .K K 0 K 1 K n
In addition,
N C s N C l N P , if n G 1. .  .  .K K ny1 K n
w x w xAs Dade 11, p. 191 has mentioned, Knorr and Robinson 22 firstÈ
introduced the idea of radical p-chains. The following definition uses
w xDade's notation 11 .
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DEFINITION 1.1.4. A radical p-chain of G is a p-chain C: P - P -0 1
 .??? - P of G satisfying P s O G andn 0 p
P is a radical p-subgroup of N C for i s 1, . . . , n. 1.1.5 .  .i G iy1
 .Note that 1.1.5 is equivalent to
P s O N C for i s 1, . . . , n , 1.1.6 .  . .i p G i
 .and that condition 1.1.6 also holds for i s 0.
 .Denote by R s R G the family of all radical p-chains of G. Clearly R
is invariant under the conjugation action of G on p-chains. We denote by
RrG an arbitrary set of representatives for the G-orbits in R.
1.2. Notation for Characters and Blocks
Let F be a finite algebraic extension of the field Q of p-adic numbersp
such that F is a splitting field for all subgroups of G. Denote by R the
integral closure in F of the ring Z of all p-adic integers. Then R is ap
w xvaluation ring by 9, Sect. 19 . We denote by p the unique maximal ideal of
 .R. The expression Irr H will be used to denote the set of all irreducible
F-characters of any subgroup H of G. If H F G, then a character
 .  .f g Irr H lies under a character x g Irr G if f is an irreducible
constituent of the restriction x of x to an F-character of H. In this caseH
w xwe also say that x lies o¨er f. By the Frobenius reciprocity law 20, 5.2 ,
this happens iff x is an irreducible constituent of the F-character f G of
 .G induced by f. The expression Irr G N f will be used to denote the set
 .of all x g Irr G which lie over f. Further, if K is any group acting on G,
then we denote by K the stabilizer in the group K of any characterx
 .x g Irr G .
By a p-block B of G we mean a block of the group algebra RG of G
 .over R. The set of all p-blocks of G will be denoted by Blk G . For
 .  .x g Irr G we use B x to indicate the unique p-block to which x
 .  .belongs. If B is in Blk G then Irr B denotes the set of all characters in
 .  .  .Irr G which belong to B. Also Irr B N f will be the intersection Irr B l
 .  .Irr G N f . The set of all defect groups of B will be denoted by Def B ,
 . < < dB .and the defect of B will be denoted by d B , so that D s p for any
 .D g Def B . We set
< <k X s Irr X , 1.2.1 .  .  .
 . <  . <whatever the expression X might be. Thus, for example, k B s Irr B
 . <  . <and k G N f s Irr G N f .
 .If n is any positive integer, then, following Dade's notation, a n will
denote the unique nonnegative integer such that n s pan. ? m, where m is
 .  .an integer not divisible by p. Then the p-defect d x of any x g Irr G is
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the unique nonnegative integer such that
< <a x 1 s a G y d x . 1.2.2 .  .  .  . .
 . GIf H is a subgroup of G and b g Blk H then b will represent the
wunique block of G induced by b, when it exists. It is well known 14,
x GIII.9.4 that the induced block b is defined for any block b of any
subgroup H F G satisfying
PC P F H F N P .  .G G
for some p-subgroup P of G. We shall apply this when H is the
 .normalizer N C of some radical p-chain C: P - P - ??? - P of G.G 0 1 n
 .  .  . GSince P C P F N C F N P , the induced block b is defined forn G n G G n
 .  w x.any block b of N C see 22, 3.2 .G
1.3. Extensions by Central Subgroups
w xWe recall from the Atlas 8, 4.1 that a central extension or co¨ering
 .group of the group G is a pair G, l consisting of a finite group G and an
epimorphism l of G onto G whose kernel N is a central subgroup of G.
Thus
l
1 ª N ª G ª G ª 1
is an exact sequence. The group G is called a proper covering group of G
w xif N is contained in the commutator subgroup G9 s G, G of G.
The groups N that arise for proper covers of G are each quotients of a
 .  w x.largest one called the Schur multiplier M G of G see 8, 4.1 . For
perfect groups G, such as M , there is a unique proper universal covering22
group G of which any proper cover of G is a quotient and for which
 .  w x.N s M G see 8, 4.1 .
1.4. The Conjecture
 .We fix a finite group G and a prime p. Let Aut G denote the
 .automorphism group of G, and Inn G be the normal subgroup of all
 .inner automorphisms of G. Then the factor group Out G s
 .  .Aut G rInn G is the outer automorphism group of G. For a p-chain C
 .  .of G the expression N C will indicate the image in Out G of theOutG.
 .  .   ..subgroup N C of Aut G . If, in addition, x g Irr N C thenAutG. G
 .  .  .N C denotes the image in N C of N C , which is theOutG. x OutG. AutG. x
 .stabilizer of both C and x in Aut G . If s g G, we point out that
 s .   . .s 9  .sN C is the conjugate N C of N C by the imageAutG. x AutG. x AutG. x
 .s 9 of s in Inn G . It follows that
N Cs s s N C , .  .x xOutG. OutG.
for any s g G.
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 .  .The action of Aut G on G induces an action of Out G as automor-
 .phisms of the center Z G of G.
 .1.4.1 We fix a cyclic central subgroup N of G and a faithful linear
 .character n g Irr N .
 .  .We denote by Aut G N N , respectively Out G N N , the automorphisms of
G, respectively outer automorphisms of G, which leave N invariant. Since
 .  .  .N F Z G , the stabilizer Out G N N of the character n g Irr N inn
 .Out G N N is defined. We shall count characters which lie over the fixed
character n .
Next
 .  .1.4.2 we choose a block B of G which lies over B n , an integer
 .d G 0, and a subgroup O F Out G N N .
  . .Then, for any p-chain C of G, the expression Irr N C , B, d, O N n willG
denote the set of all characters x such that
G
x g Irr N C N n , B x s B , d x s d , and .  .  . .G
N C s O. 1.4.3 .  .xOutG.
 .   . .By 1.2.1 , the number k N C , B, d, O N n is then the orderG
<   . . <Irr N C , B, d, O N n . We can now state the conjecture to be verified.G
This is the invariant projective form of the conjecture formulated by Dade,
which is equivalent to the final inductive form for covering groups of M ,22
 . w xsince Out M is cyclic. See 11 .22
The McKay]Alperin]Dade Conjecture. Let N, n , B, d, and O satisfy
 .  .  .conditions 1.4.1 and 1.4.2 . If O G is the Sylow p-subgroup of N, andp
is not a defect group of B, then
< <Cy1 k N C , B , d , O N n s 0. 1.4.4 .  .  . . G
CgRrG
  . .Notice that every x g Irr N C , B, d, O N n restricts to a multiple of nG
on N. Thus O must leave n fixed if it ``fixes'' x , that is, if O is contained
 .in N C . HenceOutG. x
 .  .  .1.4.5 the equation 1.4.4 holds whenever O g Out G N N sincen
  . .k N C , B, d, O N n is zero for all p-chains C in that case.G
 .Therefore, we need only compute the cases for which O F Out G N N inn
verifying the conjecture. Because N is central in G, we have n s s n for all
 .n g Irr N and all s g G. Further, conjugation by any s g G is a bijec-
  . .   s . .tion of Irr N C , B, d, O N n onto Irr N C , B, d, O N n for any C, B,G G
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  s . .   . .d, O, and n . Hence k N C , B, d, O N n s k N C , B, d, O N n . ThusG G
 .the sum 1.4.4 is independent of the choice of the subfamily RrG in
 .R s R G .
Our goal is to prove that the M-A-D conjecture holds if G is the proper
covering group n.M , for n s 1, 2, 4, 3, 6, and 12, of the Mathieu group22
M on 22 letters, N is its cyclic center N of order n, and p is any prime.22 n
w xWe note again that Dade has verified 13 that the invariant projective
form of his conjecture is true for any blocks with cyclic defect groups. So
we only need verify the conjecture for the primes 3 and 2. We shall do so
in Theorem 1, in Sect. 3 below, and Theorem 2, in Sect. 4 below,
respectively.
2. DESCRIPTION OF M22
2.1. Structure and Properties
w xWe follow the notation of Huppert and Blackburn 19, XII.1.4 . We fix a
field F of order 4 with distinct elements 0, 1, v, v 2. As noted above,4
 .SL 3, 4 is the group of all three-by-three matrices over F with determi-4
  ..nant 1. The center N s Z SL 3, 4 consists of the three scalar multiples3
 .fI, for nonzero f g F , of the identity matrix I. Then PSL 3, 4 is the4
 .  .factor group SL 3, 4 rN . Any element s g SL 3, 4 is a 3 = 3 matrix3
a b c
d e fs s  0g h i
with entries a, b, . . . g F and with determinant 1. We denote by4
a b c
d e f 2.1.1 .
g h i
 .the natural image s N of s in PSL 3, 4 .3
 .We use PG 2, 4 to denote the projective plane in two dimensions over
 .F . The 21 points of PG 2, 4 are the one-dimensional subspaces of the4
 .3  .vector space F of all 1 = 3 row vectors x, y, z with x, y, z g F . If4 4
 .  . w xx, y, z / 0, 0, 0 , then x, y, z will denote the corresponding point in
 .PG 2, 4 , i.e., the N -orbit3
w x 2 2 2x , y , z s x , y , z , v x , v y , v z , v x , v y , v z .  . 4 .
 .  .  .3of x, y, z . The natural action of SL 3, 4 on F induces a faithful action4
 .of the group PSL 3, 4 as a doubly transitive permutation group on the
 .points of PG 2, 4 .
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 .Let P be a set consisting of the 21 points of PG 2, 4 and one additional
point u. Let s be an involution acting on the 22 points of P as follows2
 w x.see 19, XII.1.4 :
w xs : u l 1, 0, 0 2.1.2 .2
and
2 2 2w xs : x , y , z ¬ x q yz , y , z 2.1.3 .2
w x w xwhen x, y, z g F are not all zero and x, y, z / 1, 0, 0 . We extend the4
 .  .action of PSL 3, 4 on PG 2, 4 to one on P leaving u fixed. Since this
action is faithful,
 .  .2.1.4 we may identify each element of PSL 3, 4 with the permuta-
tion of P which it induces.
  . :Then M s PSL 3, 4 , s is the permutation group on P generated by22 2
 .PSL 3, 4 and s . It is a simple group as well as a triply transitive2
permutation group on P with order 443,520 s 27 ? 32 ? 5 ? 7 ? 11, which is
<  . <  w x.  .22 ? PSL 3, 4 see 8 . We shall assume that PSL 3, 4 acts on the right of
 .PG 2, 4 , and that M acts on the right of P.22
For any subgroup H of M and any points p, q g P, we shall denote22
by H the stabilizer in H of the point p, by H the pointwise stabilizer inp p, q
 4H of p and q, and by H the stabilizer in H of the set p, q . Then it is p, q4
 .  .clear from the above that PSL 3, 4 is equal to M after the identifica-22 u
 .  .  .tion 2.1.4 . Further, the subgroup PSL 3, 4 is equal to Mw1, 0, 0x 22 u, w1, 0, 0x
and is the set of all elements of the form
1 0 0
a b c 2.1.5 .
d e f
with a, b, . . . , f g F and bf y ce s 1. It is straightforward to verify that4
the element s of M has the following conjugation action on the2 22
 .  .element 2.1.5 of PSL 3, 4 :w1, 0, 0x
s2 1 0 01 0 0
2 2 2a q bc b ca b c s . 2.1.6 .
2 2 2d e f d q ef e f
 .The outer automorphism group Out M of M is cyclic of order 222 22
 w x.  .see 8, p. 39 . One automorphism of M whose image generates Out M22 22
is conjugation by the element s g M , identified in Huppert and Black-4 24
w xburn 19, XII.1.4 . The action of s on the elements of P can be described4
as follows:
s : u ¬ u , 2.1.7 .4
2 2 2w xs : x , y , z ¬ x , y , z , 2.1.8 .4
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w x  .for any x, y, z g PG 2, 4 . It follows that
s s4 s s 2.1.9 .2 2
 .  .and that s takes the element 2.1.1 of PSL 3, 4 into4
s4 2 2 2a b ca b c
2 2 2d e f d e fs . 2.1.10 .
2 2 2g h i g h i
We shall use the notation of the Atlas to denote by M . 2 the group22
 .Aut M .22
2.2. The Co¨ering Group of M22
 .The accurate identification of the Schur multiplier M M of the group22
w xM as cyclic of order 12 was made by Pierre Mazet in 1979 23 . We use22
the notation of the Atlas to denote by n.M the unique proper covering22
group of M having center N , Z . We note that n.M is defined for22 n n 22
each divisor n s 1, 2, 4, 3, 6, and 12 of 12. In this section we shall
construct 3.M . In the following section we shall describe Mazet's con-22
struction of 4.M . The maximal proper covering group 12.M is then just22 22
 .the residual product of 3.M and 4.M . We shall denote by n.M the22 22 22 X
 .inverse image in n.M of M whenever X s g or X s g, h or X s22 22 X
 4g, h for some points g, h g P.
 .  .  .By 2.1.4 we have M s PSL 3, 4 . Further, M is the disjoint union22 u 22
M s M j M s M , 2.2.1 .  .  .  .22 22 22 2 22u u u
 .  .where s is the involution described in 2.1.2 and 2.1.3 . Notice that2
s2M l M s M s PSL 3, 4 . 2.2.2 .  .  .  .  . . w x1, 0, 0w xu , 1 , 0, 022 22 22u u
 :The inverse image of s , Z in 3.M must be cyclic of order 6. Thus2 2 22
there exists a unique involution sX g 3.M having s as its image in M .2 22 2 22
It follows that 3.M is the disjoint union22
3.M s 3.M j 3.M sX 3.M , 2.2.3 .  .  .  .22 22 22 2 22u u u
where
sX23.M l 3.M s 3.M . 2.2.4 .  .  .  . . w xu , 1 , 0, 022 22 22u u
 .  .Since M s PSL 3, 4 contains a Sylow 3-subgroup of M , the group22 u 22
 .  .3.M must be the unique nonsplit extension SL 3, 4 of N s22 u 3
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  ..  .  w x.  .Z SL 3, 4 by PSL 3, 4 see the Atlas 8 . So 3.M is the22 u, w1, 0, 0x
 .  .subgroup SL 3, 4 consisting of all matrices in SL 3, 4 of the formw1, 0, 0x
a 0 0
b c d . 2.2.5 . 0e f g
This subgroup is the direct product
3.M s SL 3, 4 s N = K 2.2.6 .  .  .w x1, 0, 0w xu , 1 , 0, 022 3
 .of the center N of SL 3, 4 with the derived group K s3
w  .  . xSL 3, 4 , SL 3, 4 . The latter consists of all matrices of the formw1, 0, 0x w1, 0, 0x
 . X2.2.5 with determinant 1 and a s 1. Conjugation by s must normalize2
 .  .SL 3, 4 since conjugation by s normalized PSL 3, 4 . Further-w1, 0, 0x 2 w1, 0, 0x
  ..more, the former conjugation must leave invariant both N s Z SL 3, 43
 .  .and the derived group K of SL 3, 4 . From this and 2.1.6 it followsw1, 0, 0x
that sX acts on K so that2
sX2 1 0 01 0 0
2 2 2b q cd c db c d s 2.2.7 . 0 2 2 2 0e f g e q fg f g
 . Xwhenever cg y df s 1. In view of 2.2.6 , this and the fact that s central-2
 . X  .izes N s Z 3.M completely determine the action of s on SL 3, 4 .3 22 2 w1, 0, 0x
 .The group SL 3, 4 is itself the disjoint union
SL 3, 4 s SL 3, 4 j SL 3, 4 sX SL 3, 4 , 2.2.8 .  .  .  .  .w x w x w x1, 0, 0 1, 0, 0 1, 0, 01
where sX is the involution1
0 1 0
Xs s . 2.2.9 .1 0 01  /0 0 1
 . XIt is easily checked that s and the image s g PSL 3, 4 of s generate a2 1 1
 : X Xdihedral group s , s of order 6. Because s and s both centralize N , it1 2 1 2 3
 X X :follows that s , s is dihedral of order 6. In particular,1 2
sX sX sX s sX sX sX . 2.2.10 .2 1 2 1 2 1
It is straightforward to verify that the above decompositions and equations
completely determine multiplication in the group 3.M .22
 .  .The action 2.1.9 and 2.1.10 of s on M can now be extended to a4 22
unique action of an involution sX on 3.M such that4 22
sXX X4s s s 2.2.11 .  .2 2
COUNTING CHARACTERS IN BLOCKS 11
and
sX4 2 2 2a b ca b c
2 2 2d e f d e fs . 2.2.12 . 0  02 2 2g h i g h i
This is the only possible extension of the action of s to 3.M . Notice that4 22
 . X  X X :2.2.13 s inverts N and centralizes s , s .4 3 1 2
2.3. The Co¨ering Group of M , II22
We nest look at the covering group 4.M of M . We begin by choosing22 22
 .a line L of PG 2, 4 which passes through the five points0
w x w x w x w x w 2 xL : 1, 0, 0 , 0, 1, 0 , 1, 1, 0 , 1, v , 0 , 1, v , 00
having last coordinate zero. We then set
w x w x w x w x w 2 xX s u , 1, 0, 0 , 0, 1, 0 , 1, 1, 0 , 1, v , 0 , 1, v , 0 . 2.3.1 4  .
The M -translates of X are called hexads. We point out that any 3 points22
in P belong to a unique hexad, that the hexads containing u are precisely
 .the unions of u with the 21 lines in PG 2, 4 , that there are exactly 5
hexads containing any given 2-element set, and that any 2 distinct, nondis-
 w xjoint hexads intersect in exactly 2 points. See the Atlas 8, p. 39 for a
.description of the action of M on the system of hexads. Following Mazet22
w x  .23 we shall determine the structure of N E , where E is the4. M .222
 .pointwise stabilizer in M of the hexad X in 2.3.1 .22
 .  .Using the structure 2.1.5 of the elements of PSL 3, 4 sw1, 0, 0x
 .M , it is straightforward to verify that22 u, w1, 0, 0x
1 0 0¡ ¦~ ¥E s ; b , c g F , 2.3.2 .0 1 0 4¢ §
b c 1
which is elementary abelian of order 24. We observe that E acts regularly
on the 16 points of P y X. We let
a b 0¡ ¦
1. ~ ¥A s ; ad y bc s 1 and a, b , c, d g F 2.3.3 .c d 05 4¢ §
0 0 1
 .denote a copy of A , SL 2, 4 . This copy is clearly a complement to E in5
 .N E . ThenPS L3, 4.
1.  1.:A s s , A 2.3.4 .6 2 5
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 .  . 1. is a complement to E in N E , that is, N E s E i A . We pointM M 622 22w x  . .  .out that Janko in 21, 2.6 proved that N E , E i A . From 2.1.9M 622
 . 1.and 2.1.10 we have that s leaves A invariant. In addition,4 6
1. 1.  :S s A i s 2.3.5 .6 6 4
is a copy of S . Hence6
1.  : 1.N E s E i A i s s E i S . 2.3.6 .  . .M .2 6 4 622
We pause here to consider the action of A on E. We note that A is6 6
 .  .isomorphic to the derived group S 2 9 of the symplectic group S 2 , S .4 4 6
We construct a nonsingular, alternating, bilinear form on the elements of
 .E which is preserved by s as well as by the elements of N E . For2 PS L3, 4.
1 0 0
x s 0 1 0
b c 1
and
1 0 0
y s 0 1 0
b9 c9 1
we define
2f x , y s b ? c9 q b9 ? c q b ? c9 q b9 ? c g F . 2.3.7 .  .  .  .2
 .The elements of N E , in acting by conjugation on the elements ofPS L3, 4.
 .E, leave both terms on the right-hand side of 2.3.7 fixed, while the
element s adds the same element to both terms and then interchanges2
them. Then
 .  .  .2.3.8 N E acts on E as S 2 9 leaving invariant the nonsingular,M 422
 .alternating, bilinear form f described in 2.3.7 .
Notice that the element s also preserves f on the elements of E, by4
 .interchanging the two terms on the right-hand side of 2.3.7 , and that
 .  .N E acts as S 2 on E. We also point out that, since E s E is theM .2 4 X22
 .  .pointwise stabilizer of the hexad X, its normalizer N E is also M ,M 22 X22
the stabilizer in M of the set of points in X. In particular, A1. acts22 6
faithfully as A on the six points of X and S 1. acts on them as S . One6 6 6
< . < < <additional piece of information follows from the fact that M s A ?22 X 6
< < 7 2 w  . xE s 360 ? 16 s 2 ? 3 ? 5. Thus the index M : M is 77, which must22 22 X
 .be the number of hexads M conjugates of X . It can be shown that E22
permutes regularly the 16 hexads which do not intersect X.
The following lemma will be useful.
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 .  .LEMMA 2.3.9. If H F E and H / 1 then N H F N E .X M M X22 22
Proof. Since E is regular on P y X, all 15 involutions in E s E haveX
exactly the same 6 fixed points as E . Thus if H F E and H / 1 thenX X
the set of all points fixed by H is exactly the set X. It follows that
 .  .  .N H F M s N E for any such H. This gives us the result ofM 22 X M X22 22
the lemma.
Following Mazet's approach, we next let Z be an arbitrary set of six
 .elements, z , . . . , z . We define a Clifford algebra, U s U Z , of dimen-1 6
sion 26 over F , generated by elements e , for z g Z, with definingz
relations
e2 s y1 and e e s ye e if z , z9 g Z with z / z9. 2.3.10 .z z z 9 z 9 z
We shall denote by G the subgroup of the unit group of U generated by0
 .the e . This subgroup was called G by Mazet. In addition, we use Mazet'sz
notation G for the subgroup of G generated by the products of two0
elements e e , with z, z9 g Z. We denote by N the cyclic subgroupz z 9 4
generated by the product
a s e e e e e e 2.3.11 .z z z z z z1 2 3 4 5 6
 .of all six elements e , with z g Z. This group was called N by Mazet.z
 .Using 2.3.10 , we find that
22a s e e e e e e s y1. .z z z z z z1 2 3 4 5 6
Thus, we must have N , Z . In addition, the subgroup N is the center4 4 4
 .  . 4 w xZ G of G, while GrZ G is elementary abelian of order 2 , and G, G s
 2:a has order 2. The symmetric group S on the set Z acts naturally asZ
automorphisms of U , leaving both G and G invariant, and we have a0
semidirect product G i S . Here we assume that the action of S on U isZ Z
such that es s e for any z g Z and any s g S . We note that thez zs Z
alternating subgroup A of S centralizes N , while elements of S y AZ Z 4 Z Z
invert N .4
 4Mazet then identified Z s z , z , z , z , z , z as a hexad of P chosen1 2 3 4 5 6
to be disjoint from X. In particular, we choose Z to be the hexad
consisting of
w x w x w xz s 0, 0, 1 , z s 1, 0, 1 , z s 0, 1, v ,1 2 3
w x w x w 2 xz s 1, 1, v , z s 1, v , 1 , and z s 1, v , v . 2.3.12 .4 5 6
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This is clearly disjoint from X. For x, y g P y X, Mazet denoted by
 :x, y the unique element of E s E which interchanges x and y. HeX
fixed an element m g P y X and defined a homomorphism p of G into0
 .  :  .  :E by p e s m, z . Since p e e s z, w for any distinct z, w g Z,X z z w
the restriction p 9 of p to G is independent of the choice of m. Then p 9 is
 .an epimorphism of G onto E with kernel N . Thus GrN s GrZ G ,X 4 4
 w x .E s E. See 23 . Mazet defined a specific complementX
A2. s M l M , A 2.3.13 .  .  .6 22 22 ZX Z
 . w x  .to E in N E and proved in 23, IV.B.3 that N E , G i A .M 4. M Z22 222. 1.  .We note that A is not conjugate to A of 2.3.4 . Suppose not, that6 6
is, suppose that these groups are conjugate. Then A2. would fix some6
point y g P y X, as well as fixing both disjoint hexads X and Z. Now y
cannot belong to either X or Z, since A2. acts as A on both these sets. If6 6
we fix a point x g X, then there are exactly three hexads containing x, y
which intersect Z nontrivially. These three hexads intersect Z in three
 2..disjoint subsets Z , Z , Z , each of order 2. The subgroup A , which is1 2 3 6 x
isomorphic to A , must act faithfully on Z while permuting these three5
subsets among themselves. This is impossible for the elements of order 5
in this subgroup. Therefore, y does not exist and our statement follows.
We consider the involution
1 0 0
s s s s d s s s , 2.3.14 .0 1 04 2 4 2
1 0 1
 .  .where s is the generator of Aut M modulo Inn M described in4 22 22
 .  .  .2.1.7 ] 2.1.10 and s d g N E . Then s is the odd permutation2 M22
 . . .z , z z , z z , z on Z and the odd permutation which fixes four1 2 3 4 5 6
w x 2. 2.  :points and interchanges u and 1, 0, 0 on X. Hence S s A i s6 6
acts faithfully on both X and Z, and we can identify S 2. as a complement6
to E in
N E s E i S 2. . 2.3.15 .  .M .2 622
There is some automorphism s of 4.M inducing both the automor-Ã 22
phism of conjugation by s on the factor group 4.M rN , M and some22 4 22
automorphism s on N . We proveÃN 44
LEMMA 2.3.16. The abo¨e automorphism s is an in¨olution. The naturalÃ
epimorphism of 4.M onto M , with kernel N , extends to an epimorphism22 22 4
of 4.M .2 onto M .2, sending s to s .Ã22 22
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 .  2 .  .2Proof. Since Aut N , Z , we have s s s s 1. Therefore,Ã Ã4 2 N N4 4
s 2 is an automorphism of 4.M inducing the identity on both the centralÃ 22
subgroup N and the factor group 4.M rN . Any such automorphism has4 22 4
 .the form x ¬ xg x where g : 4.M ª N is a group homomorphism with22 4
 .N F ker g . Since M is perfect, the only such g is the trivial map.4 22
Therefore, s 2 s 1 and s is an involution. Then the natural epimorphismÃ Ã
of 4.M onto M with kernel N extends to an epimorphism of 4.M .222 22 4 22
onto M .2 sending s to s . This completes the proof of Lemma 2.3.16.Ã22
 . 2.The inverse image of the normalizer N E s E i A in 4.M isM 6 2222
the semidirect product G i A2., contained in the semidirect product6
G i A2., where G was defined above as the subgroup of the Clifford0 6 0
algebra U generated by the e . The entire symmetric group S 2. acts onz 6
 .f 2.G , as well as on U , with e s e for all z g Z and f g S . So we0 z zf 6
can form the semidirect product G i S 2.. Note that the odd permuta-0 6
tions in S 2., including s , invert the generator a s e e e e e e of N .6 z z z z z z 41 2 3 4 5 6
Evidently the subgroup G generated by all the e e , for z, z9 g Z, isz z 9
S 2.-invariant. So G i S 2. is a subgroup of G i S 2..6 6 0 6
 .  2..The inverse image of N E in 4.M .2 is the subgroup G i AM .2 22 622
 : 2. 2.i s , generated by s and the inverse image G i A of E i A .Ã Ã 6 6
Since s normalizes A2., the corresponding s must normalize the inverseÃ6
image A2. = N of that group. Since the factors A2. and N in this6 4 6 4
 : 2.  2..decomposition are unique, s normalizes A . Hence G i A iÃ 6 6
 :  2.  :.s s G i A i s . At this point we have two semidirect prod-Ã Ã6
 2.  :. 2.ucts, G i A i s and G i S , which agree on their commonÃ6 6
subgroup G i A2.. We shall show that that they are isomorphic. In fact,6
we prove
LEMMA 2.3.17. We can identify G i S 2. with the in¨erse image6
 .  .N G of N E .4. M .2 M .222 22
Proof. The first step is to prove that s and s g S 2. have the sameÃ 6
action on G. Note that the epimorphism p 9: G ª E preserves the action
of S 2. on these two groups. In fact, if z, w g Z, then p 9 sends e e to the6 z w
 :  : 2.unique z, w g E such that z z, w s w. For any f g S we have6
ff :  :zf z , w s z z , w s wf . .  .
Therefore,
ff :  :z , w s zf , wf s p 9 e e s p 9 e e , .  . .zf wf z w
which proves this result. Now both s and s induce automorphisms sÃ ÃG
and s of G such that s and s induce the same automorphism onÃG G G
 .  .y1 .GrN s GrZ G , E. It follows that s s s s is an automorphismÃ4 G G
of G inducing the identity on GrN .4
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 :Consider the action of s on GrG9 s Gr " 1 . This action centralizes
 .  .the 2-group N rG9 and the factor group GrG9 r N rG9 , GrN . If the4 4 4
action is nontrivial on GrG9, then there is some t g G such that t s s ta"1.
There is some j s 0, 1 such that ta j has order 2. Then as s ae, where
 j. s j "1qjey1.  j. s je s "1, and ta s ta a . Here ta and ta both have order 2.
So the central element a"1qjey1. must have order 2. This is impossible
 .since "1 q j e y 1 is congruent to 1 modulo 2. Therefore, s acts trivially
 :  . son GrG9. Since s centralizes G9 s " 1 F Z G , we conclude that t s
 .th tG9 for all t g G, where h: GrG9 ª G9 is a group homomorphism.
 .Suppose that s / 1. Then h is nontrivial. So ker h is a subgroup of
order 24 in the elementary abelian group GrG9 of order 25. Conjugation
by both s and s has the same effect on A2.. Therefore, conjugation byÃ 6
 2.. 2.both s and s has the same effect on the image A of A inÃG G 6 G 6
 .  .y1 .  2.. 2.Aut G . It follows that s s s s centralizes A , A . There-ÃG G 6 G 6
2.  2..  .fore A and A both leave invariant the subgroup ker h of GrG9.6 6 G
 . 4 2.This is impossible, since ker h has order 2 while the only A -invariant6
proper subgroup of GrG9 is N rG9, which has order 2. Thus s s 1, and sÃ4
and s induce the same automorphism s s s on G. Since they alsoÃG G
induce the same automorphism on A2., we conclude that there is an6
isomorphism
2. 2.  : 2.  :G i S s G i A i s , G i A i sÃ .  .6 6 6
which is the identity on G i A2. and sends s to s . This completes theÃ6
proof of Lemma 2.3.17.
3. THE PRIME p s 3
3.1. Radical 3-Subgroups and Radical 3-Chains
We fix
1 0 0
0 v 0g 9 s 3.1.1 . 020 0 v
and
0 1 0
t 9 s 3.1.2 .0 0 1 /1 0 0
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 .in SL 3, 4 and denote by g and t the corresponding cosets of N in3
 .  .PSL 3, 4 . Since M is a transitive extension of M , PSL 3, 4 with22 21
< <degree 22 s 2 ? 11, we have that the 3-part of M , which is equal to the22
<  . < 2  .3-part of PSL 3, 4 , is 3 . Hence any Sylow 3-subgroup of PSL 3, 4 is also
 :  :a Sylow 3-subgroup of M . Letting H s g and H s g , t , we see22 1 2
 .  .that H , Z and H , Z = Z g Syl M . Notice that, from 2.1.10 ,1 3 2 3 3 3 22
the automorphism s of M , whose image is a generator of the outer4 22
automorphism group of M , fixes t and inverts g , while the extension sX22 4
  ..acting on 3.M see 2.2.12 fixes t 9 and inverts g 9. We denote by22
X  :H s g 9, t 9 the inverse image of H in 3.M . It is an extra special2 2 22
group of order 33 and exponent 3. It is clear that H X is also a Sylow2
 .  X :3-subgroup of SL 3, 4 i s .4
 .The Atlas confirms that N H , H i Q . It is straightforwardPS L3, 4. 2 2 8
 .to verify that H fixes no element of the projective plane PG 2, 4 . Hence2
 .it fixes exactly one element u of P. This forces N H to fix u, andM 222
 .  .hence to be contained in M s PSL 3, 4 . Therefore22 u
N H s N H , H i Q . 3.1.3 .  .  .M 2 PS L3 , 4. 2 2 822
One choice for the involution in Q is the element8
1 0 0
3.1.4 .0 0 1
0 1 0
 .of N H , which inverts both g and t . This implies that thePS L3, 4. 2
quaternion group Q acts faithfully and transitively on the eight nontrivial8
elements of H .2
w xFrom the Atlas 8, p. 40 we determine that there is only one conjugacy
class of elements of order 3 in M . Therefore,22
 .3.1.5 any subgroup of M with order 3 is M -conjugate to H s22 22 1
 :g .
We next prove
 .LEMMA 3.1.6. The normalizer N H has the form H i S , where theM 1 1 422
subgroup A of S centralizes H and any element of S y A in¨erts H .4 4 1 4 4 1
Proof. The group H is precisely the subgroup of M consisting of all1 22
w x w x w x 4elements which fix elementwise the set R s 1, 0, 0 , 0, 1, 0 , 0, 0, 1 , u of
four elements in P. Furthermore, R is precisely the set of all points in P
 .  .fixed by H . It follows that N H is precisely the stabilizer M of1 M 1 22 R22
 .this set, and that the action of N H on this set defines a homomor-M 122
 .  .phism of N H into S R with kernel H . Thus all we need to show isM 1 4 122
 .that the image I of this homomorphism is equal to S R .4
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 .We easily compute that N H is the semidirect product H iPS L3, 4. 1 1
0. 0.  .S , where S is the image in PSL 3, 4 of the group of all 3 = 33 3
 .permutation matrices in SL 3, 4 . It follows that I contains the maximal
 .  .  .  .subgroup S R , S of S R . But, using 2.1.2 and 2.1.3 , the involu-4 u 3 4
w xtion s interchanges the two points u and 1, 0, 0 of R, while fixing the2
w x w x  .  .other two points 0, 1, 0 and 0, 0, 1 . Hence s lies in M s N H2 22 R M 122
 .  .and its image in S R does not lie in the maximal subgroup S R . This4 4 u
 .is enough to prove that I s S R . We point out that the 3-Sylow subgroup4
 :of S can be chosen as t , where t is a generator of H . This clearly4 2
 w x.splits over H . By the extension theory of abelian groups see 16 , this1
 . 0.means that S splits over H . Furthermore, the element 3.1.4 lies in S4 1 3
 :and inverts H s g . This tells us that S acts nontrivially on H . Hence1 4 1
A centralizes H , while any element of S y A inverts H . This gives us4 1 4 4 1
the final result of the lemma.
One consequence of Lemma 3.1.6 is that
H is a radical 3-subgroup of M . 3.1.7 .1 22
The following propositions will summarize our results.
PROPOSITION 3.1.8. The group M has three conjugacy classes of radical22
3-subgroups, represented by 1, by H , and by H .1 2
We have immediately from Proposition 3.1.8 that, to within M -con-22
jugacy, there is one radical 3-chain of length 0 and two of length 1 in M .22
  ..Since H g Syl N H , we also have that 1 - H - H is a radical2 3 1 1 2
3-chain of length 2. In fact, it is clear that any radical 3-chain of length 2
 .must be conjugate to 1 - H - H , since N H is transitive on the1 2 M 222
subgroups of order 3 in H . We thus have2
PROPOSITION 3.1.9. The group M has exactly four conjugacy classes of22
radical 3-chains represented by the chains C , C , C , and C , gi¨ en by0, 3 1, 3 2, 3 3, 3
C : 10, 3
C : 1 - H1, 3 1
C : 1 - H2, 3 2
C : 1 - H - H3, 3 1 2
Notice that the second subscript j in ``C '' represents the prime p s 3,i, j
to distinguish these chains from those found in Section 4 below.
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3.2. The M-A-D Conjecture and the Prime p s 3
This and the following four sections of the paper are devoted to the
proof of
THEOREM 1. The M-A-D conjecture holds when the group G is any
co¨ering group n.M of M , for some n s 1, 2, 3, 4, 6, or 12, the cyclic22 22
central subgroup N of G is the center N of n.M , the p-block B of G is anyn 22
 .3-block n.B of n.M lying o¨er the block B n containing a faithful linear22 n
 .character n g Irr N and not ha¨ing the Sylow 3-subgroup of N as a defectn n n
group, the defect d is any nonnegati¨ e integer, and the group O is any
 .subgroup of Out n.M N N .22 n n n
 .In view of Proposition 3.1.9, the conclusion 1.4.4 of the M-A-D
conjecture, in this case, is equivalent to the equation
k N C , n.B , d, O N n y k N C , n.B , d , O N n .  . .  .n . M 0, 3 n n . M 1, 3 n22 22
q k N C , n.B , d , O N n . .n . M 3, 3 n22
y k N C , n.B , d , O N n s 0. 3.2.1 .  . .n . M 2, 3 n22
The bulk of the proof consists in verifying the entries in Table 1.
The index for each column in the table is one of the radical 3-chains Ci, j
given in Proposition 3.1.9. Underneath that index we write the sign q or
.  . <Ci, j <   . .  .y of the coefficient y1 of k N C , B, d, O N n in 3.2.1 . Eachi, j n
row of Table 1 has three indices, a 3-block n.B , an integer d s 1 or 2,h
 .and a subgroup Z of Out M . For a fixed divisor n of 12, the n.Bk 22 h
TABLE 1
C C C C0, 3 1, 3 3, 3 2, 3
q y q y
1.B 2 Z 4 4 4 40 2
1.B 2 Z 2 2 2 20 1
1.B 1 Z 3 3 0 01 2
2.B 2 Z 4 4 4 40 2
2.B 2 Z 2 2 2 20 1
2.B 1 Z 3 3 0 01 2
4.B 2 Z 6 6 6 60 1
3.B 2 Z 5 2 2 50 1
3.B 2 Z 3 3 0 01 1
6.B 2 Z 5 2 2 50 1
6.B 2 Z 3 3 0 01 1
12.B 2 Z 5 2 2 50 1
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appearing in Table 1 are all the 3-blocks of n.M which lie over the block22
of N containing n and have defect groups strictly larger than the Sylown n
3-subgroups of N . These 3-blocks will be described explicitly in the nextn
section. The table entry for the row with indices n.B , d, Z and columnh k
  . .with index C is the value of k N C , n.B , d, Z N n . These valuesi, j n. M i, j h k n22
will be computed in the next four sections. We shall also show that
  . .k N C , n.B , d, Z N n s 0 for any combination of n.B , d, Z ,n. M i, j h k n h k22
and C not appearing in Table 1, where n.B satisfies the hypotheses ofi, j h
 .Theorem 1. Therefore, eq. 3.2.1 will hold if and only if the alternat-
ing sum of the values in any row of Table 1 is 0. Since this is obviously
true, the verification that Table 1 is correct will complete the proof of
Theorem 1.
3.3. The Chain C0, 3
 .Since the complete character table for N C s 12.M .2 is12. M .2 0, 3 2222w xfound in the Atlas 8, p. 39 , we shall not reproduce it here, but shall
 .instead give information gained from the table. We let Cl g denote the
 w x.conjugacy class of g g G. We make use of the fact see 10, 11.16 that xi
and x belong to the same p-block iffj
< < < <Cl g ? x g rx 1 ' Cl g ? x g rx 1 mod p 3.3.1 .  .  .  .  .  .  .  .i i j j
for all elements g g G, where p is the maximal ideal of R.
 .Since Z M s N is trivial, we let n s 1. Using the notation from the22 1 1
Atlas, we determine that there are five 3-blocks of M , which we label22
1.B , . . . , 1.B , where0 4
 4Irr 1.B N n s Irr 1.B s x , x , x , x , x , x , 3.3.2 .  .  .0 1 0 1 5 7 10 11 12
 4Irr 1.B N n s Irr 1.B s x , x , x , 3.3.3 .  .  .1 1 1 2 8 9
and
 4  4  4Irr 1.B N n s x , Irr 1.B N n s x , Irr 1.B N n s x . .  .  .2 1 3 3 1 4 4 1 6
We note that 1.B has H as a defect group, and that all the characters in0 2
1.B have 3-defect d s 2. Furthermore, 1.B has H as a defect group,0 1 1
and all its characters have 3-defect d s 1. The blocks 1.B , 1.B , and 1.B2 3 4
all have the Sylow 3-subgroup 1 of N as a defect group, and hence do not1
w xsatisfy the hypotheses of Theorem 1. The Atlas 8 indicates that
 .3.3.4 the two characters x and x of 1.B fuse under the action10 11 0
 .of Out M . No other characters of M fuse under this action.22 22
This gives us the values for the first three entries in the first column of
 .Table 1. Furthermore, k M , B, d, O N 1 s 0 for all other combinations22
of B, d, and O satisfying the hypotheses of Theorem 1.
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Next we let n be a faithful character of the center N of 2.M . We2 2 22
 .determine, using 3.3.1 , that there are four 3-blocks of 2.M lying over22
 .B n , 2.B , . . . , 2.B , where2 0 3
 4Irr 2.B N n s x , x , x , x , x , x , 3.3.5 .  .0 2 13 14 15 19 20 23
 4Irr 2.B N n s x , x , x , 3.3.6 .  .1 2 16 21 22
and
 4  4Irr 2.B N n s x , Irr 2.B N n s x . .  .2 2 17 3 2 18
The defect group for the block 2.B is H and each character in 2.B0 2 0
has 3-defect d s 2, while the defect group for 2.B is H and each1 1
character has 3-defect d s 1. The blocks 2.B and 2.B both have the2 3
Sylow 3-subgroup 1 of N as a defect group, and hence do not satisfy the2
w xhypotheses of Theorem 1. The Atlas 8 indicates that
 .3.3.7 the pair of characters x in 2.B and x in 2.B , and the17 2 18 3
pair of characters x and x , both in 2.B , fuse under the action of19 20 0
 .Out M . No other characters of 2.M fuse under this action.22 22
This gives us the next three entries in the first column of Table 1 and tells
 .us that k 2.M , B, d, O N n s 0 for all other combinations of B, d, and22 2
O satisfying the hypotheses of Theorem 1.
We point out that the central elements of 3.M and 4.M are inverted22 22
 w x.by the outer automorphism group of M see Atlas 8, p. 40 . Therefore,22
for n G 3 the nontrivial outer automorphism of n.M inverts N and so22 n
  . .does not fix n . Hence k N C , n.B, d, O N n s 0 when O s Z andn i, j n 2
n G 3, whatever the values of C , n.B, and d may be.i, j
We next let n be a faithful character of the center N of 4.M and4 4 22
 .determine, using 3.3.1 , that there are three 3-blocks of 4.M lying over22
 .B n , 4.B , . . . , 4.B , where4 0 2
 4Irr 4.B N n s x , x , x , x , x , x 3.3.8 .  .0 4 24 25 28 29 30 31
and
 4  4Irr 4.B N n s x , Irr 4.B N n s x . .  .1 4 26 2 4 27
The defect group for 4.B is H and each character in 4.B has 3-defect0 2 0
d s 2. The blocks 4.B and 4.B both have the Sylow 3-subgroup 1 of N1 2 4
as a defect group, and hence do not satisfy the hypotheses of Theorem 1.
This gives us the value for the seventh entry in the first column of Table 1
 .and tells us that k 4.M , B, d, O N n s 0 for all other combinations of B,22 4
d, and O satisfyng the hypotheses of Theorem 1.
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Now we let n be a faithful character of the center N of 3.M . We3 3 22
 .determine, using 3.3.1 , that there are five 3-blocks of 3.M lying over22
 .B n , 3.B , . . . , 3.B , where3 0 4
 4Irr 3.B N n s x , x , x , x , x , 3.3.9 .  .0 3 36 37 40 41 42
 4Irr 3.B N n s x , x , x , 3.3.10 .  .1 3 32 38 39
and
 4  4Irr 3.B N n s x , Irr 3.B N n s x , .  .2 3 33 3 3 34
 4Irr 3.B N n s x . .4 3 35
The defect group for 3.B is the inverse image H X of H in 3.M0 2 2 22
mentioned in Sect. 3.1. Each character in 3.B has 3-defect d s 2. The0
defect group for 3.B is the inverse image H X of H in 3.M . It is1 1 1 22
isomorphic to the direct product N = H . Each character in 3.B has3 1 1
3-defect d s 2. The blocks 3.B 3.B , and 3.B all have the Sylow2 3 4
3-subgroup of N as a defect group and hence do not satisfy the hypothe-3
ses of Theorem 1. This gives us the values for the eighth and ninth entries
 .in the first column of Table 1 and tells us that k 3.M , B, d, O N n s 022 3
for all other combinations of B, d, and O satisfying the hypotheses of
Theorem 1. We now let n be a faithful character of the center N of6 6
 .6.M . We determine, using 3.3.1 , that there are four 3-blocks of 6.M22 22
 .lying over B n , 6.B , . . . , 6.B , where6 0 3
 4Irr 6.B N n s x , x , x , x , x , 3.3.11 .  .0 6 43 44 49 50 52
 4Irr 6.B N n s x , x , x , 3.3.12 .  .1 6 45 48 51
and
 4  4Irr 6.B N n s x , Irr 6.B N n s x . .  .2 6 46 3 6 47
The defect group for 6.B is H X and each character in 6.B has 3-defect0 2 0
d s 2. The defect group for 6.B is H X and each character in 6.B has1 1 1
3-defect d s 2. The blocks 6.B and 6.B both have the Sylow 3-subgroup2 3
of N as a defect group, and hence do not satisfy the hypotheses of6
Theorem 1. This gives us the values for the 10th and 11th entries in the
 .first column of Table 1 and tells us that k 6.M , B, d, O N n s 0 for all22 6
other combinations of B, d, and O satisfying the hypotheses of Theorem 1.
Finally, we let n be a faithful character of the center N of 12.M .12 12 22
 .We determine, using 3.3.1 , that there are three 3-blocks of 12.M lying22
 .over B n , 12.B , . . . , 12.B , where12 0 2
 4Irr 12.B N n s x , x , x , x , x , 3.3.13 .  .0 12 53 54 57 58 59
 4  4Irr 12.B N n s x , Irr 12.B N n s x . .  .1 12 55 2 12 56
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The defect group for 12.B is H X and each character has 3-defect d s 2.0 2
The blocks 12.B and 12.B both have the Sylow 3-subgroup of N as a1 2 12
defect group, and hence do not satisfy the hypotheses of Theorem 1. This
gives us the value for the last entry in the first column of Table 1 and tells
 .us that k 12.M , B, d, O N n s 0 for all other combinations of B, d, and22 12
O satisfying the hypotheses of Theorem 1.
 .This completes the information about the normalizer N C , as well as0, 1
filling in the entries of the first column of Table 1. In Sects. 3.4, 3.5, and
3.6 we shall compute the corresponding entries in the remaining columns.
3.4. The Chain C1, 3
 .  .In Lemma 3.1.6, we determined that N C s N H has the formM 1, 3 M 122 22
 :H i S . Here H s g was defined in the beginning of Sect. 3.1 as a1 4 1
 .subgroup of order 3. We determine next the structure of N C . We4. M .2 1, 322
recall the definitions of Z and G from Sect. 2.3 above, as well as the fact
 . 2.   ..that N G , G i S , G i S see 2.3.17 . We note that M4. M .2 6 Z 2222
has only one conjugacy class of elements of order 3. Replacing 4.H by a1
conjugate, we can assume that it is generated by N and an element s of4 3
2.  .order 3 in the complement S , S to G in N G . We can even6 Z 4. M .222
assume that s corresponds to a cycle of order 3, when considered as a3
 .permutation of the set Z. In particular, we assume that s s z , z , z3 4 5 6
 .and further define e as z , z , z . Then there is some a g M such that3 1 2 3 22
a a  :g s s . The conjugate H of H s g , t is then a Sylow 3-subgroup of3 2 2
 .C s , as well as a Sylow 3-subgroup of M . Hence there is someM 3 2222
 . ab  :b g C s such that H s e , s . We can therefore replace H andM 3 2 3 3 122
H by their conjugates under ab to get2
 :  :H s s and H s e , s . 3.4.1 .1 3 2 3 3
 .  .Next we let i s z , z and r s z , z , and note that these permuta-2 4 5 2 1 2
tions on Z act naturally as automorphisms of G. We prove the following
lemma.
 .  .LEMMA 3.4.2. The normalizer N H is isomorphic to N (Q i4. M .2 1 4 822
 :  :.e , r = s , i , where N (Q is the central product of N and Q with3 2 3 2 4 8 4 8
 .  .  .V N amalgamated with V Q . Furthermore, N H is isomorphic to4 8 4. M 122
 .  :  :.  :  :N (Q i e = s i r i . Here s , i centralizes Q , while4 8 3 3 2 2 3 2 8
 :e , r acts faithfully on Q .3 2 8
 :.Proof. It is clear that N s contains4. M .2 322
 :  :2. 2.N s s C s i N s . 3.4.3 .  . .  .G i S 3 G 3 S 36 6
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 .Since z , z , z are fixed by s , it follows that C s is generated by1 2 3 3 G 3
 :  .N s a , where a was identified in 2.3.11 , and the three products e e ,4 z z1 2
e e , and e e . This implies that it is the central product of N and az z z z 41 3 2 3
 :.2.quaternion group Q of order 8. The normalizer N s is easily8 S 36
 :  :  :computed. It is the direct product e , r = s , i of e , r , S3 2 3 2 3 2 3
 :  .with s , i , S . From the order of C H found in the Atlas, it3 2 3 M 122
follows that
 :  :  :2.N H s N s s N (Q i e , r = s , i . .  . .  .4. M .2 1 G i S 3 4 8 3 2 3 222 6
3.4.4 .
w .  :xFurthermore, we can assume that Q s N (Q , e , which is gener-8 4 8 3
ated by the products ye e , ye e , and ye e . In that case, Q isz z z z z z 81 2 2 3 3 1
 .  :normal in N H , centralized by s , i , and acted upon faithfully4. M .2 1 3 222
 :by e , r . We observe that3 2
N H s 4.M l N H .  .4. M 1 22 4. M .2 122 22
 :  :s N (Q i e , r = s , i l A 4 .  .4 8 4 2 3 2 Z
 :  :s N (Q i e , s i r i . .  .4 8 3 3 2 2
This holds because the permutations s and e are even, while r and i3 3 2 2
are odd. The second result of the lemma follows immediately.
 .  .We pass next to the covering group N C of N C ,12. M .2 1, 3 4. M .2 1, 322 22
where the Sylow 2-subgroups remain the same, while the Sylow 3-subgroup
H becomes the group H X , an M -conjugate of the H X mentioned in Sect.2 2 22 2
3.1. Let N and Q be the Sylow 2-subgroups of the inverse images of N4 8 4
 .and Q , respectively, in N C . Let r and i be the unique8 12. M .2 1, 3 2 222
 .involutions in N C having r and i , respectively, as their12. M .2 1, 3 2 222
 .images in N C . Then we can choose elements e and s in the4. M .2 1, 3 3 322
inverse images of e and s , respectively, such that3 3
r i r iy1 y12 2 2 2e s e , e s e , s s s , s s s . .  .  .  .  .  .3 3 3 3 3 3 3 3
3.4.5 .
 .We can then extend the results of Lemma 3.4.2 to N C . We12. M .2 1, 322
prove
 .  .LEMMA 3.4.6. The normalizer N C is isomorphic to N (Q12. M .2 1, 3 4 822
 .  :.  .i e , s i r , i . Furthermore, N C is isomorphic to3 3 2 2 12. M 1, 322
 .  .  :.   :.  :N (Q i e , s i r i . Here N = s i i centralizes4 8 3 3 2 2 3 3 2
 :  :Q , while e i r , S acts faithfully on Q .8 3 2 3 8
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 .Proof. In fact, eqs. 3.4.5 , plus the observation that both r and i2 2
X .invert Z H s N , determine e and s uniquely. Now the structure of2 3 3 3
 .N C is clear. It has the form indicated in the lemma where12. M .2 1, 322 X :  :   :.  :e , s s H and r , i is a 4-group. Notice that N = s i i3 3 2 2 2 3 3 2
 :  :centralizes Q , while e i r , S acts faithfully on Q . The result8 3 2 3 8
 .for N C follows immediately. This completes the proof of the12. M 1, 322
lemma.
We can now proceed to identify the 3-blocks for each of the groups
 .N C , where n is a divisor of 12. In each case we shall determinen. M .2 1, 322
the number of characters in the block, as well as the 3-defect of each
character. We shall make use of the fact that the p-blocks B of the
 .normalizer N P of a p-subgroup P of a finite group G correspondG
 .  .one-to-one to the N P -conjugacy classes of blocks b of C P , with BG G
 4corresponding to the conjugacy class b s b, b , . . . , b of b if and only if1 2 t
  ..  .1 s 1 q 1 q ??? q1 g Z R N P . In that case, Irr B consists ofB b b b G1 2 t
  ..  .all the x g Irr N P such that x lies over some character f g Irr b .G
 w x.We shall also make use of the following well-known fact see 14, 5 .
 .3.4.7 Let P be a normal p-subgroup of G whose centralizer
 .  .C P has a normal p-complement K, while GrPC P is a p9 group.G G
Then there is a one-to-one correspondence between all p-blocks B of G
 4  .and all G-conjugacy classes f , . . . , f in Irr K . Here B corresponds to1 n
 4f , . . . , f if and only if 1 s 1 q ??? q1 . In that case, any Sylow1 n B f f1 n
p-subgroup of the stabilizer G in G of any f is a defect group of B.f ii
 .  .  .Since here N P rC P is a p9-group, the defect groups in C P areG G G
 .also those in N P .G
We begin with n s 1. We factor the groups in Lemma 3.4.6 by N s12
 .  .  .N = N . Recall from 3.1.6 that the normalizer N C s N H is4 3 M 1, 3 M 122 22
 .isomorphic to H i S . Then the centralizer C H must have the1 4 M 122
form H = A which has a normal 3-complement, the 4-group V in A .1 4 4 4
 .Here V is the image in M of Q . Using 3.4.7 , there must then be two4 22 8
 .  .3-blocks, 1.b and 1.b , of N C , corresponding to the two N H -0 1 M 1, 1 M 122 22
 .conjugacy classes of characters in Irr V . The block 1.b , which corre-4 0
 .sponds to the class of the trivial character in Irr V , has six irreducible4
characters, each with 3-defect 2. It has defect group H and, therefore,2
must induce the block 1.B of M . The block 1.b , which corresponds to0 22 1
the conjugacy class of nontrivial characters of the 4-group, has three
irreducible characters, each with 3-defect 1. It has defect group H and, by1
Brauer's first main theorem, must induce the block 1.B of M . In1 22
 .addition, we determine that the normalizer N C must fuse twoM .2 1, 322
 .  .characters in 1.b and fixes every other character in Irr 1.b and Irr 1.b .0 0 1
We let n s 1. This gives us the values for the first three entries in the1
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  . .second column of Table 1 and tells us that k N C , B, d, O N 1 s 0M 1, 322
for any other combination of B, d, and O satisfying the hypotheses of
Theorem 1.
We next let n s 2 and let n be a faithful linear character of the center2
 .N of 2.M . Notice that the structure of N C given in Lemma2 22 12. M .2 1, 322
 .  .3.4.6 makes it clear that N C is isomorphic to Z = N C ,2. M .2 1, 3 2 M .2 1, 322 22
 .  .where Z is the image of N in N C . Then N C has2 4 2. M .2 1, 3 2. M .2 1, 322 22
 .  .exactly two 3-blocks, 2.b s B n = 1.b and 2.b s B n = 1.b , lying0 2 0 1 2 1
 .over B n . These two blocks have defect groups H and H , and induce2 2 1
 . 2.B and 2.B , respectively. Furthermore, Irr 1.b is isomorphic to Irr 2.b0 1 i i
.  .N n as an N C -set, for each i s 0, 1. The isomorphism sends any2 2. M .2 1, 322
 .  .f g Irr 1.b to n = f g Irr 2.b N n . Hence, it preserves both degreesi 2 i 2
and 3-defects. This gives us the next three entries in the second column of
  . .Table 1 and tells us that k N C , B, d, O N n s 0 for any other2. M 1, 1 222
combination of B, d, and O satisfying the hypotheses of Theorem 1.
Next we let n s 4 and let n be a faithful linear character of the center4
N of 4.M . We factor the groups in Lemma 3.4.6 by N , giving us, as in4 22 3
 .  .  :Lemma 3.4.2, that N C is isomorphic to N (Q i e , r =4. M .2 1, 3 4 8 3 222
 :.  .s , i . Using 3.4.7 , there must then be a single 3-block, 4.b , of3 2 0
 .N C , corresponding to the unique irreducible character L of the4. M .2 1, 322
 .normal 3-complement N (Q in C H such that L lies over n . The4 8 4. M 1 422
 .set Irr 4.b N n consists of six characters, each with 3-defect d s 2. It has0 4
defect group H and hence induces the block 4.B of 4.M . We recall2 0 22
that the outer automorphism group of M inverts the central elements of22
3.M and 4.M . Therefore, we take O s Z . This gives us the seventh22 22 1
entry in the second column of Table 1 and tells us that
  . .k N C , B, d, O N n s 0 for any other combination of B, d, and O4. M 1, 3 422
satisfying the hypotheses of Theorem 1.
We now let n s 3 and let n be a faithful linear character of the center3
N of 3.M . We factor the groups in Lemma 3.4.6 by N . We represent by3 22 4
 .V the image N (Q rN of Q in 3.M . Then V is precisely the normal4 4 8 4 8 22 4
X .  .3-complement in C H s V i H . Using 3.4.7 , the normalizer3. M 1 4 222
 .N C then has two 3-blocks, 3.b and 3.b , corresponding to the two3. M 1, 3 0 122
conjugacy classes of characters of the 4-group V . Both 3.b and 3.b lie4 0 1
 .  .over the unique 3-block B n of N . The set Irr 3.b N n , which corre-3 3 0 3
sponds to the conjugacy class of the trivial character of the 4-group, has
 .two characters, each with 3-defect 2, while the set Irr 3.b N n , which1 3
corresponds to the conjugacy class of nontrivial characters of the 4-group,
has three characters, each with 3-defect 2. The block 3.b has defect group0
H X , which implies that it induces the block 3.B of 3.M . On the other2 0 22
hand, block 3.b has defect group H X and must induce 3.B , by Brauer's1 1 1
first main theorem. Since O s Z in this case, we therefore have the1
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eighth and ninth entries in the second column of Table 1. In addition,
  . .k N C , B, d, O N n s 0 for any other combination of B, d, and O3. M 1, 3 322
satisfying the hypotheses of Theorem 1.
Next we let n s 6 and let n be a faithful linear character of the center6
N of 6.M . Using an argument similar to the one we used for n s 2, we6 22
 .  .note that N C must be isomorphic to Z = N C . Then6. M 1, 3 2 3. M 1, 322 22
 .  .N C has two blocks, 6.b and 6.b , lying over B n . These two6. M 1, 3 0 1 622
blocks have defect groups H X and H X , and induce 6.B and 6.B , respec-2 1 0 1
 .  .  .tively. The set Irr 3.b N n is isomorphic to Irr 6.b N n as an N C -i 3 i 6 6. M 1, 322
set, for each i s 0, 1. The isomorphisms preserve both degrees and 3-de-
fects. This gives us the 10th and 11th entries in the second column of
  .Table 1, since O s Z in this case, and tells us that k N C , B, d, O1 6. M 1, 322
.N n s 0 for any other combination of B, d, and O.6
Finally, we let n s 12 and let n be a faithful linear character of the12
 .  .center N of 12.M . Again using 3.4.7 , the normalizer N C12 22 12. M 1, 322
 .must have a single 3-block, 12.b , which lies over B n . It corresponds to0 12
the unique character L of the normal 3-complement N (Q in4 8
 .C C , such that L lies over the restriction n of n to N . The set12. M 1, 3 4 12 422
 .Irr 12.b N n has two characters, each with 3-defect d s 2, and has0 12
defect group H X . It must induce the block 12.B of 12.M . We let O s Z2 0 22 1
and have the last entry in the second column of Table 1. In addition,
  . .k N C , B, d, O N n s 0 for any other combination of B, d, and12. M 1, 3 1222
O satisfying the hypotheses of Theorem 1. This completes the information
about the chain C and the second column of Table 1. We proceed next1, 3
to the third column, which contains information about the chain C .3, 3
3.5. The Chain C3, 3
 .  .It is clear that N C is a subgroup of N C , since C12. M .2 3, 3 12. M .2 1, 3 3, 322 22
 .  .is the chain 1 - H - H , with normalizer N H l N H . In fact, Lemma1 2 1 2
3.4.6 implies that
 :  :N C s N i e , s i r , i .  /12 . M .2 3, 3 4 3 3 2 222
 :  :s N = e , s i r , i , 3.5.1 . /4 3 3 2 2
and hence that
 :  :N C s N = e , s i r i . 3.5.2 .  . /12 . M 3, 3 4 3 3 2 222
Following the same procedure as in Sect. 3.4, we begin with n s 1. We
 .  .  .factor the groups in 3.5.1 and 3.5.2 by N and determine, using 3.4.7 ,12
X  .that there must be one 3-block of characters, 1.b , of N C , since0 M 3, 322
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 .  .C H is the 3-group H . In fact, the normalizer N C isN C . 1 2 M 3, 3M 3, 3 2222  X .isomorphic to H i Z , H i S . The set Irr 1.b consists of six2 2 1 3 0
characters, each with 3-defect d s 2, and has defect group H . Clearly the2
X  .block 1.b must induce the block 1.B of M . The group N C must0 0 22 M .2 3, 322
fuse exactly two characters in this block. We let n s 1 and we have the1
first two entries in the third column of Table 1. Further,
  . .k N C , B, d, O N 1 s 0 for any other combination of B, d, and OM 3, 322
satisfying the hypotheses of Theorem 1. Therefore, the third entry in this
column of Table 1 is 0.
Next we let n s 2 and let n be a faithful linear character of the center2
 .  .N of 2.M . We identify N C with Z = N C . Then2 22 2. M .2 3, 3 2 M .2 3, 322 22
 . X X  .N C has exactly two 3-blocks, 2.b and 2.b , lying over B n .2. M .2 3, 3 0 1 222
These two blocks have defect groups H and H , and induce 2.B and2 1 0
 .  .2.B , respectively. Furthermore, Irr 1.b is isomorphic to Irr 2.b N n as1 i i 2
 .an N C -set, for each i s 0, 1. The isomorphisms preserve both2. M .2 3, 322
degrees and 3-defects. This gives us the fourth and fifth entries in the third
  . .column of Table 1 and tells us that k N C , B, d, O N n s 0 for any2. M 3.3 222
other combination of B, d, and O satisfying the hypotheses of Theorem 1.
This gives us the sixth entry 0 in this column.
We now let n s 4 and let n be a faithful linear character of the center4
 .  .N of 4.M . We identify N C with N = N C . Then4 22 4. M 3, 3 4 M 3, 322 22
 . X  . X  .N C has exactly one 3-block, 4.b s B n = 1.b , lying over B n .4. M 3.3 0 4 0 422
This block 4.bX has H as a defect group, and hence induces 4.B . The0 2 0
 X .  X .map f ¬ n = f is a defect-preserving bijection of Irr b onto Irr 4.b .2 0 0
We recall that there is no fusion of characters when n s 4 and thus
choose O s Z . This gives us the seventh entry in the third column of1
  . .Table 1. Further, k N C , B, d, O N n s 0 for any other combina-4. M 3, 3 422
tion of B, d, and O satisfying the hypotheses of Theorem 1.
We next let n s 3 and let n be a faithful linear character of the center3
 . XN of 3.M . Again using 3.4.7 we find that there is one 3-block, 3.b , of3 22 0
 .  .  X .N C , since C C is the 3-group N . The set Irr 3.b N n has3. M .2 3, 3 3. M 3, 3 3 0 322 22
two characters, each with 3-defect d s 2. It has defect group H X and2
induces the block 3.B of 3.M . We choose O s Z and have the eighth0 22 1
  .entry in the third column of Table 1. Further, k N C , B, d, O N3. M 3, 322
.n s 0 for any other combination of B, d, and O satisfying the hypothe-3
ses of Theorem 1. This gives us the ninth entry of the third column, which
is 0.
Now we let n s 6 and let n be a faithful linear character of the center6
N of 6.M . Using an argument similar to the one for n s 2, we find that6 22
 . X  .the group N C has a single block, 6.b , lying over B n . This block6. M 3, 3 0 622 X  X .has defect group H and induces the block 6.B . The set Irr 3.b N n is2 0 0 3
 X .  .isomorphic to Irr 6.b N n as an N C -set. The isomorphism pre-0 6 6. M 3, 322
serves both degrees and 3-defects. This gives us the 10th entry in the third
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  . .column of Table 1 and tells us that k N C , B, d, O N n s 0 for any6. M 3, 3 622
other combination of B, d, and O satisfying the hypotheses of Theorem 1.
Therefore, the 11th entry of the third column must be 0.
Finally, we let n s 12 and let n be a faithful linear character of the12
 .center N of 12.M . We use 3.4.7 and determine, using an argument12 22
 .similar to the one for n s 2, that the normalizer N C must have a12. M 3, 322X  . Xsingle 3-block, 12.b , which lies over B n and has defect group H . It0 12 2
 X .must induce the block 12.B of 12.M . The set Irr 12.b N n is isomor-0 22 0 12
 X .  X .phic to Irr 6.b N n , as well as to Irr 3.b N n . The isomorphism pre-0 6 0 3
serves both degrees and defects. We choose O s Z and have the last1
  .entry in the third column of Table 1. Further, k N C , B, d, O N12. M 3, 322
.n s 0 for any other combination of B, d, and O satisfying the hypothe-12
ses of Theorem 1. This completes the information about the chain C3, 3
and the third column of Table 1. We turn next to the last chain to
consider, C .2, 3
3.6. The Chain C2, 3
 .  .  .We recall from 3.1.5 that the normalizer N C s N H has theM 2, 3 M 222 22
form H i Q , where the quaternion group Q acts faithfully and transi-2 8 8
tively on the eight nontrivial elements of H . Here we are using, as in Sect.2
 : X  :3.1, the original definition of H as g , t , while H s g 9, t 9 . We2 2
 .  .consider next the structure of the normalizer N C s N H .3. M .2 2, 3 3. M .2 222 22
We let
1 1 1
2i9 s 3.6.1 .1 v v 021 v v
and
1 v 2 v 2
2j9 s 3.6.2 .v v v 02v v v
 .be elements of SL 3, 4 and denote by i and j the corresponding cosets of
 . XN in PSL 3, 4 . We recall that s is the extension of s acting on 3.M3 4 4 22
and prove
LEMMA 3.6.3. The automorphism sX normalizes the quaternion group4
1.  : 1.  X :Q s i9, j9 . Together they generate a semidihedral group Q i s of8 8 4
order 16, which normalizes H X and acts faithfully on H s H XrN . The2 2 2 3
X  1.  X :.  .semidirect product H i Q i s is the normalizer N H , and2 8 4 3. M .2 222X 1.  .its normal subgroup H i Q is the normalizer N H .2 8 3. M 222
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 .  X .XProof. The normalizer N H must equal N H . In3. M .2 2 S L3, 4. i  s . 222 4
 .fact, this is an immediate consequence of 3.1.3 . It is straightforward to
 .4  .2  .2  .3  :verify that i9 s 1, i9 s j9 , and i9 j9 s j9 i9 . Hence i9, j9 is a
quaternion group Q1. of order 8. It is also not difficult to compute that8
 : X  . i9  .2  . i9  . j9 2i9, j9 normalizes H , since g 9 s t 9 , t 9 s g 9, g 9 s v I ? g 9t 9,2
 . j9  .2  . sX4  .3  . sX4and t 9 s v I ? g I ? g 9 t 9 . Furthermore, since i9 s i9 and j9 s
X  : X  :  X :j9i9, it follows that s normalizes both i9, j9 and H . Then i9, j9 i s4 2 4
 .is semidihedral of order 16. Recalling our results in 3.1.3 and the remarks
following it, we can see that this group acts faithfully on H XrN , H .2 3 2
 . X  1.  X :.Furthermore, 3.1.3 makes it clear that H i Q i s is the nor-2 8 4
 . X 1.malizer N H , and its normal subgroup H i Q is the normalizer3. M .2 2 2 822
 .N H . This gives us the results of the lemma.3. M 222
X .Now we must determine the character theory of N C . Let H12. M .2 2, 3 222
be the unique Sylow 3-subgroup of 12.M in the inverse image of H X . The22 2
inverse image of the quaternion group Q1. in 12.M has the form of an8 22
1. 1.extension N .Q , where Q centralizes the Sylow 2-subgroup N of N .4 8 8 4 12
X 1. .  .Then N C s H i N .Q . We let r be an arbitrary linear12. M 2, 3 2 4 822 X Xcharacter of N , and let s be an element in the inverse image of s in4 4 4
12.M .2. We prove22
1. .LEMMA 3.6.4. Irr N .Q N r consists of four linear characters and one4 8
X2 .character of degree 2. If r a s 1, then conjugation by s interchanges two4
of these four linear characters and fixes the three other characters.
1.Proof. The group N .Q is generated by two arbitrary elements, i9 and4 8
j9, in the inverse images of i9 and j9, respectively, as well as by the
2 2 .  .generator a of N . Because i9 s j9 is the involution in the center Z94
1. 2 2 .  .of the quaternion group Q , the squares i9 and j9 each generate the8
2 .inverse image Z9 of that center modulo N . Since i9 centralizes both i94
2 2 . :  . :and a, it centralizes Z9 s i9 , a . Similarly j9 centralizes Z9 s j9 , a .
1.Hence Z9 is contained in the center of N . Q . But the image Z9 of Z9 is4 8
1. 1.the center of the image Q of N .Q . Therefore8 4 8
2 21.  :  :Z N .Q s Z9 s i9 , a s j9 , a .  . .4 8
has order 8.
1. 1.The factor group N .Q rZ9 is isomorphic to Q rZ9, which is elemen-4 8 8
1.tary abelian of order 4. It follows that N .Q is a 2-group of class 2 and4 8
1. 1. .that commutation in N .Q induces a bilinear map from N .Q rZ9 =4 8 4 8
1. 1. .N .Q rZ9 to Z9. The group N .Q rZ9 is elementary of order 4,4 8 4 8
generated by the images i9Z9 and j9Z9 of i9 and j9. It follows that the
1. 1.w ximage N .Q , N .Q of this commutation map has order 2 and is4 8 4 8
w xgenerated by i9, j9 . Since this generator does not lie in N , we conclude4
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that Z9 is the direct product
1. 1.Z9 s N = N .Q , N .Q .4 4 8 4 8
If r is any linear character of N , and z 9 is the nontrivial character of4
1. 1.w xN .Q , N .Q , then r = z 9 and r = 1 are the two extensions of r to4 8 4 8
1. 1.w xlinear characters of Z9. The extension r = 1 is trivial on N .Q , N .Q ,4 8 4 8
1.and hence extends to four linear characters of N .Q . The extension4 8
1. 1.w xr = z 9 is faithful on N .Q , N .Q . So there is exactly one irreducible4 8 4 8
1.character F of N .Q lying over it. The character F is equal tor 4 8 r
1. .2 r = z 9 on Z9 and is zero on N .Q y Z9. We conclude that4 8
1. .Irr N .Q N r consists of four linear characters and one character of4 8
degree 2, whatever r may be.
X 2Next we consider how s acts on the above characters when a lies in4
X X 2 .  :the kernel of r. Because s inverts a, its square s g a must lie in4 4
2 :a . We are interested in the structure of the group Q s
1. 2 1. 1. w x:N .Q r a , N .Q , N .Q . First we calculate the order of the genera-4 8 4 8 4 8
1.tor j9 of N .Q . For this purpose, we must determine which conjugacy4 8
class, 4A or 4B, of elements of order 4 in M contains j. There are three22
 .conjugacy classes of elements of order 4 in SL 3, 4 , represented by the
matrices
1 0 0
T 9 b s , . 1 1 0 /0 b 1
2  .  .  .for b s 1, v, v . We let T b be the image of T 9 b in PSL 3, 4 . Then
 .  .  .T b has a centralizer of order 16 in PSL 3, 4 . The element T 1 has a
centralizer of order 32 in M , and thus lies in the conjugacy class 4A of22
 .  2 .that group. However, the two classes of T v and T v fuse in M to22
form part of the class 4B, whose elements all have centralizers of order 16.
It is straightforward to calculate that the matrix
0 1 1
v v vA s  020 0 v
 .  2 .lies in SL 3, 4 and satisfies Aj9 s T 9 v A. Thus j lies in the conjugacy
 2 .  .class of T v in PSL 3, 4 , and in the class 4B in M . We know from the22
Atlas that the element j9 of 12.M with image j9 in 3.M has order 8.22 22
2 2 .  .Hence j9 g Z9 has order 4. It follows that j9 does not lie in the
2 1. 1. w x:elementary subgroup a , N .Q , N .Q , and hence that the quotient4 8 4 8
Q modulo that subgroup does not have exponent 2. Of course, Q is abelian
of order 8 and has a factor group isomorphic to Z = Z . Therefore, Q2 2
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2 .must be isomorphic to Z = Z . All of this tells us that j9 must be an4 2
4 2 .element of order 4 in Z9, which forces j9 to equal a . In particular, j9
1. 1. 1.w xhas order 8 modulo N .Q , N .Q . The entire group N .Q has expo-4 8 4 8 4 8
1.nent dividing 8, since N .Q rZ9 has exponent 2 and Z9 has exponent 4.4 8
1. 1. 1. 1.w xHence both N .Q and N .Q r N .Q , N .Q have exponent 8. This4 8 4 8 4 8 4 8
implies that
1. 1. 1.Y s N .Q r N .Q , N .Q , Z = Z .4 8 4 8 4 8 8 2
As generators of this group Y we can take the image j sY
1. 1.w xj9 N .Q , N .Q of j9, and some element h of order 2 which is not in4 8 4 8 Y
2 2 :  :  . :  :j , Z . Then the image of N s a in Y is j , and that of aY 8 4 Y
X4 . :is j . Evidently, conjugation by s must leave invariant the uniqueY 4
 .4 :maximum elementary subgroup j , h of Y, as well as the subgroupY Y
X4 . : w xj of all fourth powers of elements of Y. It follows that h , s lies inY Y 4
X X4 . : w xj . From the action of s on i9 and j9, it follows that j , s lies inY 4 Y 4
X2 2 1. 4 . :  :  . : w x . :j = h , but not in j . We conclude that N .Q , s jY Y Y 4 8 4 Y
X 4 4w x  . :  :  . :s j , s , j has order 4 and intersects j in j . This impliesY 4 Y Y Y
 :  2:that any linear character r of a , trivial on a , has two extensions to
X1. 1.w xlinear characters of N .Q , trivial on N .Q , s , and two extensions to4 8 4 8 4
X1. 1.w xlinear characters of N .Q , nontrivial on N .Q , s . Obviously, the4 8 4 8 4
Xformer two extensions are fixed by s , and the latter two are interchanged4
X 1. .by s . The remaining character in Irr N .Q N r is the only one of degree4 4 8
X2, and so is fixed by s . This completes the proof of the lemma.4
We are now ready to calculate the values in the remaining column of
Table 1. As in Sects. 3.4 and 3.5, we begin our determination of these
 .values by letting n s 1. We recall from 3.1.6 that the normalizer
 .  .  .N C s N H is isomorphic to H i Q . The centralizer C HM 2, 3 M 2 2 8 M 222 22 22
 .must have a normal 3-complement K. Using 3.4.7 , we determine that
Y  .there must be exactly one 3-block, 1.b , of N C , corresponding to the0 M 2, 322
 . Ysingle conjugacy class of characters in Irr K . The block 1.b has six0
characters, each with 3-defect d s 2. In addition, 1.bY has defect group H0 2
and induces the block 1.B of M . We determine that the normalizer0 22
 . YN C must fuse exactly two characters in 1.b and fix every otherM .2 2, 3 022
character. We let n s 1 and have the first two entries in the fourth1
  . .column of Table 1. Further, k N C , B, d, O N 1 s 0 for any otherM 2, 322
combination of B, d, and O satisfying the hypotheses of Theorem 1.
Therefore, the third entry in this column of Table 1 is 0.
Next we let n s 2 and let n be a faithful linear character of the center2
 .N of 2.M . The normalizer N C has the structure Z =2 22 2. M .2 2, 3 222
 .  . Y  .N C . Then N C has exactly one 3-block, 2.b s B n =M .2 2, 3 2. M .2 2, 3 0 222 22Y  .1.b lying over B n . This block has defect group H and induces 2.B .0 2 2 0
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 Y .  Y .  .Furthermore, Irr 1.b is isomorphic to Irr 2.b N n as an N C -0 0 2 2. M .2 2, 322
 Y .  Y .set. The isomorphism sends any f g Irr 1.b to n = f g Irr 2.b N n .0 2 0 2
Hence it preserves both degrees and 3-defects. Once again the normalizer
 . YN C must fuse exactly two characters in 2.b and fix every other2. M .2 2, 3 022
character. This gives us the fourth and fifth entries in the fourth column of
  . .Table 1. Further, k N C , B, d, O N n s 0 for any other combina-2. M 2, 3 222
tion of B, d, and O satisfying the hypotheses of Theorem 1. Therefore, the
sixth entry in this column of Table 1 is 0.
We now let n s 4 and let n be a faithful linear character of the center4
 .N of 4.M . The centralizer C H must have a normal 3-comple-4 22 4. M .2 222
 . Yment, telling us that N C has a single block 4.b of characters4. M .2 2, 3 022
corresponding to the single class of characters of this complement. This
block has defect group H and induces 4.B . We again have a defect-2 0
 Y .  Y .preserving isomorphism between Irr 4.b N n and Irr 1.b . However, in0 4 0
this case there is no fusion of characters. We choose O s Z and have1
the seventh entry in the fourth column of Table 1. Further,
  . .k N C , B, d, O N n s 0 for any other combination of B, d, and O4. M 2, 3 422
satisfying the hypotheses of Theorem 1.
We next let n s 3 and let n be a faithful linear character of the center3
 . Y  .N of 3.M . Using 3.4.7 , we find there is one 3-block, 3.b , of N C ,3 22 0 3. M 2, 322
corresponding to the single conjugacy class of characters of the normal
 Y .3-complement of the centralizer. The set Irr 3.b N n consists of five0 3
characters, each with 3-defect d s 2. It has defect group H X and induces2
the block 3.B of 3.M . We choose O s Z and let n be a faithful linear0 22 1 3
character of N . We then have the eighth entry in the fourth column of3
  . .Table 1. Further, k N C , B, d, O N n s 0 for any other combina-3. M 2, 3 322
tion of B, d, and O satisfying the hypotheses of Theorem 1. Therefore, the
ninth entry in this column is 0.
Now we let n s 6 and let n be a faithful linear character of the center6
 .N of 6.M . As in the case when n s 2, the normalizer N C has6 22 6. M 2, 322
 .  .the form Z = N C . Then N C has exactly one 3-block,2 3. M 2, 3 6. M .2 2, 322 22Y  . Y  . X6.b s B n = 3.b lying over B n . This block has defect group H and0 6 0 6 2
 Y .  Y .induces 6.B . Furthermore, Irr 3.b N n is isomorphic to Irr 6.b N n as0 0 3 0 6
 .an N C -set. The isomorphism preserves both degrees and 3-defects.6. M 2, 322
We choose O s Z . This gives us the 10th entry in the fourth column of1
  . .Table 1 and tells us that k N C , B, d, O N n s 0 for any other6. M 2, 3 622
combination of B, d, and O satisfying the hypotheses of Theorem 1.
Therefore, the 11th entry in this column is 0.
Finally, we let n s 12 and let n be a faithful linear character of the12
 .center N of 12.M . The normalizer N C has the structure12 22 12. M 2, 322
 .  . YZ = N C . Thus N C has exactly one 3-block, 12.b lying4 3. M 2, 3 12. M 2, 3 022 22
 . Xover B n . This block has defect group H and induces 12.B . Further-12 2 0
 Y .  Y .  .more, Irr 3.b N n is isomorphic to Irr 12.b N n as an N C -set.0 3 0 12 12. M 2, 322
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The isomorphism preserves both degrees and 3-defects. We choose O s Z .1
This gives us the last entry in the fourth column of Table 1. Further,
  . .k N C , B, d, O N n s 0 for any other combination of B, d, and12. M 2, 3 1222
O satisfying the hypotheses of Theorem 1.
This completes the verification of all entries in Table 1 and hence
completes the proof of Theorem 1. We shall turn our attention next to the
prime 2.
4. THE PRIME p s 2
4.1. Radical 2-Subgroups of M and Their Normalizers22
We shall make a systematic search for the radical 2-subgroups of M .22
 .The observation in 1.1.2 , that P is a radical p-subgroup of G if and only
   ...if it is one of N V Z P , will simplify our calculations. In the process ofG
identifying the radical 2-subgroups of M ,22
 .4.1.1 we shall let A run through the M -conjugacy classes of22
elementary abelian 2-subgroups. For each such A we shall find all groups
 .   ..P such that P is a radical 2-subgroup of N A and such that A s V Z P .
This procedure will yield all radical 2-subgroups of M .22
We shall first identify the maximal elementary abelian 2-subgroups of M22
w xand their normalizers. We shall refer to the work of Adem and Milgram 1
extensively in what follows. We begin our task by considering a Sylow
2-subgroup
1 0 0¡ ¦~ ¥T s ; a, b , c g F 4.1.2 .a 1 0 4¢ §
b c 1
 . 6  .of PSL 3, 4 . We point out that T has order 2 and, from 2.1.6 , the
involution s normalizes T. We then define a Sylow 2-subgroup2
 :S s T , s 4.1.3 .2
of M , which has order 27.22
w xAs Adem and Milgram 1, p. 389 point out, there are three conjugacy
classes of maximal elementary abelian 2-subgroups of M . As representa-22
tives of two of these classes we shall use the subgroups of T given by
1 0 0¡ ¦~ ¥E s ; b , c g F 4.1.4 .0 1 0 4¢ §
b c 1
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and
1 0 0¡ ¦~ ¥F s ; a, b g F , 4.1.5 .a 1 0 4¢ §
b 0 1
 .where E s E , the pointwise stabilizer of the hexad X of 2.3.1 . TheX
 . 2.normalizer of E was constructed in Sect. 2.3 as N E , E i A ,X M 6222.  .  .  .where A was defined in 2.3.13 as the intersection M l M of6 22 X 22 Z
the stabilizers of two disjoint hexads. In addition, we pointed out there that
 .  .N E acts as S 2 9 , A on the elements of E while preserving the4 6
 .symplectic form 2.3.7 . We note that the Sylow 2-subgroup S of M22
 .  .identified in 4.1.3 is also a Sylow 2-subgroup of the normalizer N E ofM22
the pointwise stabilizer E s E of the hexad X, since the elements of SX
 . 2.all stabilize X. Further, all elements of N E , E i A are in one of6
the forms
X Xa a 0 a a 0 a a 01 2 1 2 1 2
X Xa a 0 a a 0 a a 0or s , 4.1.6 .3 4 3 4 3 42
X Xa a 1 a a 1 a a 15 6 5 6 5 6
for some a , aX g F , where the determinants are all 1.i j 4
We turn next to the group F, which is our representative of the other
conjugacy class of maximal elementary 2-subgroups of M with order 24,22
 .described in 4.1.5 . It has only two fixed points in P, namely u and
w x  .1, 0, 0 . It follows that the normalizer N F is the stabilizerPS L3, 4.
 .  .  .PSL 3, 4 s M whose elements are described in 2.1.5 . Itw1, 0, 0x 22 u, w1, 0, 0x
can also be identified as the semidirect product F i A2., where A2. is5 5
the complement to F consisting of all elements of the form
1 0 0
2 2v b c b c , 4.1.7 .
2 2v e f e f
 .for some b, c, e, f g F , where bf y ce s 1. From 2.1.6 it is clear that the4
2.  .element s normalizes both F and A , L 4 , while acting on2 5 2
 .  . 2.N F rF as the Galois automorphism of L 4 . We set S equal toPS L3, 4. 2 5
2.  :A i s . Then5 2
N F s F i S 2. . 4.1.8 .  .M 522
 w x .See 1, p. 389 . It is clear that the Sylow 2-subgroup S of M is a22
 .  w x4subgroup of N F , since it stabilizes the subset u, 1, 0, 0 of P. WeM22
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 .note that N F consists precisely of all elements in one of the followingM22
forms:
1 0 0 1 0 0
b b b b b bor s , 4.1.91 2 3 1 2 3  .2
b b b b b b4 5 6 4 5 6
for some b , b g F , where the determinants are all 1. We point out thati j 4
 .  .E l F is the center Z T of the Sylow 2-subgroup T of PSL 3, 4 , and that
 .  .T s EF. The normalizer N T is clearly the subgroup of PSL 3, 4PS L3, 4.
of all elements of the form
1 0 0
a b 0
c d e
 .  :with b ? e s 1. Thus N T s T , g , wherePS L3, 4.
1 0 0
0 v 0g s 4.1.10 .
20 0 v
was identified in Sect. 3.1. Since s normalizes T , it follows that2
 :N T s S, g . 4.1.11 .  .M22
2.  :  .If we set S s s , g , then N T is isomorphic to a semidirect3 2 M22
product of T by S 2..3
As the representative of the third and last conjugacy class of maximal
elementary abelian 2-subgroups of M we shall use the subgroup of order22
23
 :D s d , z , s , 4.1.12 .2
where
1 0 0
d s g E l F 4.1.13 .0 1 0
1 0 1
 .is the central involution of the Sylow 2-subgroup S of 4.1.3 and where
1 0 0
z s g F . 4.1.14 .1 1 0
0 0 1
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 .Then the normalizer N D of D is isomorphic to a semidirect productM22
 .  .  w x .D i Aut D , D i L 2 . See 1, p. 389 . We point out that we have3
so far determined four radical 2-subgroups of M , namely S, since it is a22
Sylow 2-subgroup of M , as well as E, F, and D, since their normalizers22
have the form of a semidirect product of a simple or almost simple in the
.case of F group with each of them. We note that S is equal to the
product EFD and calculate that it is self-normalizing in M .22
 .In the notation of 4.1.1 , we now let A s E and point out that the only
 .radical 2-subgroup P of N A , E i A which satisfies A s E s6
  ..V Z P is P s E. Similarly, if A s F then P s F, and if A s D then
P s D. We turn next to the remaining conjugacy classes of elementary
abelian 2-subgroups. We recall Lemma 2.3.9, which states that if A F E s
 .  .E and A / 1 then N A F N E . The following lemma will also beX
useful for our calculations.
< <  .  .LEMMA 4.1.15. If K F F and K ) 2 then N K F N F .
Proof. We may assume that K F F is a group which contains distinct
involutions
1 0 0 1 0 0
s s and t s .a 1 0 a9 1 0
b 0 1 b9 0 1
w x  . w x w xThen, if an element x, y, z g PG 2, 4 with x, y, z / 1, 0, 0 is fixed by
both s and t, we must have ay q bz s 0 and a9y q b9z s 0. Since y and z
a b .are not both zero, this happens iff the determinant of is 0. Hence ifa9 b9
a b .the determinant of is not zero, the only fixed points of K are u anda9 b9
w x  .  .  .1, 0, 0 . In this case, N K F M s N F .22 u, w1, 0, 0x4
 .On the other hand, if this determinant is 0, then K is N F -conjugate to
 . w xthe subgroup Z T s E l F. Adem and Milgram 1, p. 389 confirm our
 .  .  .calculations that C E l F s T while N E l F rC E l F , S . It fol-3
 . 2. 2.  :lows that N E l F s T i S , where S s s , g was identified ear-3 3 2
 .  .lier. The group N E l F is then precisely the normalizer N T s
 .  :  .  .N EF s S, g , identified in 4.1.11 . Since this is a subgroup of N F ,
this completes the proof of Lemma 4.1.15.
We proceed by considering the remaining conjugacy classes of elemen-
w xtary abelian 2-subgroups of M . The Atlas 8 identifies a single conjugacy22
w xclass of involutions in M . Parrott 25 determined, and Adem and22
w xMilgram 1, p. 389 confirmed, that the normalizer of an involution of M22
 :is of the form E i S . If we let A s d , where d was identified in4
 .4.1.13 as the central involution of the Sylow 2-subgroup S, then the
 :. 1. 1.  1. 1.:normalizer N d can be calculated as E i S , where S s S , V ,4 4 3 2
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1.  1..  : 1.  :with V s O S s z , s F D and S s a , k . Here2 2 4 2 3
1 1 0 v 1 0
2.a s s g A 4.1.16 .0 1 0 1 0 02 6
0 0 1 0 0 1
and
1 0 0
2k s g S. 4.1.17 .v 1 0
1 0 1
We then have
LEMMA 4.1.18. The only groups P which are radical 2-subgroups of
 :.  :   ..N d and which satisfy d s V Z P are the Sylow 2-subgroup S and
1.   :..the group ED s E i V s O N d .2 2
 :. 1.Proof. The radical 2-subgroups of N d s E i S are the inverse4
images of the radical 2-subgroups of S 1., which are the Sylow 2-subgroup4
1. 1.  :. 1.D and the normal 4-group V . The inverse image in N d of D is8 2 8
 :   ..the Sylow 2-subgroup S of M . Clearly d s V Z S .22
1.  1..  :.The group V s O S has the inverse image ED in N d . Thus2 2 4
  :.. 1.ED s O N d . Since E is a regular F V -module, it follows that2 2 2
 1..  :  .  :.C V s d , which is the center of ED. Hence N ED s N d , soE 2
 :.  :   ..that ED is a radical 2-subgroup of N d . Then d s V Z ED . This
completes the proof of Lemma 4.1.18.
We note that
 :N E l N D / N E l D s N d . 4.1.19 .  .  .  .  .
w x  .  .In fact, Adem and Milgram 1, p. 393 point out that N E l N D ,
D i S , where S represents one of the two conjugacy classes of S in4 4 4
 .L 2 . We confirm that elements in S of the form3
1 0 0
, with c / 0, 1,0 1 0
0 c 1
centralize the element d but do not normalize D. In particular, we note
 .  .that S is not a subgroup of N D . We conclude that N E l D is a
 .  .subgroup of N E , by Lemma 2.3.9, but not of N D .
w xAs stated in Adem and Milgram 1, p. 393 , there are two conjugacy
classes of elementary abelian 2-subgroups of order 23 in M , in addition22
to the maximal class represented by D. One of these classes contains every
subgroup of order 23 in E, and the other contains every subgroup of order
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23 in F. The actions of A2. and S 2. are both transitive on these classes in6 5
E and F, respectively. As a representative of the A2.-conjugacy class of6
subgroups of order 23 in E we may take the group
1 0 0¡ ¦~ ¥B s ; b g F and c g F ,0 1 0 4 2¢ §
b c 1
 :which is the space perpendicular to d with respect to the symplectic
 .form 2.3.7 . We can then prove
LEMMA 4.1.20. There are no radical 2-subgroups P of M such that22
  ..B s V Z P .
 .  .Proof. We note that N B must be a subgroup of N E by Lemma
 :.2.3.9. Since N d normalizes the three-dimensional subspace B perpen-
 :  .  :.dicular to d , it follows that N B is the same group as N d . In fact,
 :  :.1 F d F B F E is the only N d composition series of E. The proof
of Lemma 4.1.20 is then a direct result of the proof of Lemma 4.1.18.
 .As a representative of the N F -conjugacy class of elementary abelian
subgroups of order 23 in F, we choose the group
1 0 0¡ ¦~ ¥V s ; a g F and b g F .a 1 0 2 4¢ §
b 0 1
We then prove
 .LEMMA 4.1.21. There are no radical 2-subgroups P of N V which satisfy
  ..V s V Z P .
 :.  .Proof. We find that N d l N F s S. Here the group S acting on
its subgroup F has the form S s F i D . We quickly determine that8
 .  .  :N V is precisely T and that N V s S s T s . We note thatPS L3, 4. NF . 2
 .  .  .N V is a subgroup of N F by Lemma 4.1.15. Hence N V s S. The only
 .radical 2-subgroup of N V is then S. However, S clearly does not satisfy
  ..  .  :V s V Z S , since Z S s d . This completes the proof of Lemma
4.1.21.
Finally, we turn our attention to the conjugacy classes of elementary
2 w xabelian 2-subgroups of M with order 2 . Adem and Milgram 1, p. 39322
confirm our calculations, which indicate that there are four such classes.
One of these can be represented by E l F, which lies in both E and F.
There are three additional classes, one having representatives contained in
E and two having representatives contained in F. We prove first
LEMMA 4.1.22. The only group P which is a radical 2-subgroup of
 .   ..N E l F and which satisfies E l F s V Z P is the Sylow 2-subgroup
 .T s EF of PSL 3, 4 .
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 .Proof. The group E l F is the center Z T of the Sylow 2-subgroup
 .  .  .T s EF of PSL 3, 4 defined in 4.1.2 . We pointed out in 4.1.11 and in
 .  : 2. the following sentence that N T s S, g s T i S . Clearly N E l3
.  .  .F rC E l F is isomorphic to a subgroup of S , Aut E l F . Since3
 . 2.C E l F s T and since the elements of S all normalize E l F, we3
 .  . 2.conclude that N E l F s N T s T i S .3
We shall, in fact, prove more here than is stated in the lemma, and use
 .this opportunity to develop an alternative structure of N T as E i S .4
We calculate that the element
1 0 0
0 v 0f s g g E, 4.1.23 .
2 2v 1 v
2.  :which has order 3, normalizes the 4-group V s z , k of a copy of D2 8
2.  :  .given by D s z , k . The element z was identified in 4.1.14 as a8
generator of D, and
1 0 0
2k s s , 4.1.24 .1 v 02
1 1 v
2  .while k s k was identified in 4.1.17 . We point out that z , k , and k are
 . 2.all elements of N T , T i S . In fact, z and k lie in F. Setting3
2.  2. :S s D , f gives us a copy of S complementary to E and also4 8 4
 .contained in N T . We conclude thatM22
N E l F s N T s E i S 2. 4.1.25 .  .  .M M 422 22
and notice that S 2. F A2., since the elements of S 2. stabilize both hexads4 6 4
X and Z.
 .  .  .We know that N E l N F F N E l F . But Lemmas 2.3.9 and 4.1.15
verify the reverse inclusion. It follows that these two groups are identical,
that is,
N E l N F s N E l F . 4.1.26 .  .  .  .
w x  .  . 2.Adem and Milgram 1, p. 393 confirm that N E l N F s E i S ,4
2. where S represents a second conjugacy class of S in A . The first such4 4 6
1.  :. 1. .class is represented by S in N d s E i S .4 4
 . 2.The radical 2-subgroups of N E l F s E i S are then the inverse4
images of the radical 2-subgroups of S 2., which are the Sylow 2-subgroup4
2. 2.  . 2.D and the normal 4-group V . The inverse image in N E l F of D8 2 8
is the Sylow 2-subgroup S of M , while the inverse image of V 2. in22 2
 . 2.N E l F is T s EF s E i V . The group S does not satisfy E l F s2
  ..  .  :V Z S since Z S s d . However, the group T clearly satisfies E l
  ..F s V Z T . This completes the proof of Lemma 4.1.22.
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Next we turn our attention to the remaining conjugacy class of elemen-
tary abelian 2-subgroups of order 22 in E. We choose as a representative
 :of this class the group U s d , c , where
1 0 0
0 1 0c s .
2v v 1
 .The group U is nonsingular with respect to the symplectic form 2.3.7 .
w xAdem and Milgram 1, p. 393 find that the centralizer of the group U is of
 .the form E i Z , while the normalizer is E i Z i S . In our calcu-3 3 3
lations we find that an involution in S can be chosen as the element3
 .k g F of 4.1.17 , and that k inverts the subgroup Z = Z of the3 3
 . w . xnormalizer. It follows that N U , E i Z = Z i Z . The radical3 3 2
 :2-subgroup P s E i k of this normalizer clearly does not satisfy
  ..  .  .U s V Z P since Z P s Z T s E l F. This gives us the following
result.
 .LEMMA 4.1.27. There is no group P which is a radical 2-subgroup of N U
  ..and which satisfies U s V Z P .
We are ready now to consider the final two conjugacy classes of
elementary abelian 2-subgroups of M with order 22. Both of these22
classes contain representatives lying in the group F. We choose as a
 :representative of one of these classes the group M s d , z , where d was
 .identified in 4.1.13 as the central element of the Sylow 2-subgroup S of
 .M , and z was identified in 4.1.14 . Then M F D. We recall that22
 . 2. 2.  .N F , F i S , where S acts on F as L 4 together with its Galois5 5 2
automorphism. The group M is fixed elementwise by the third generator
 .of D, the element s , acting as the Galois automorphism of L 2 . We2 3
prove
 .LEMMA 4.1.28. The one group P which is a radical 2-subgroup of N M
  ..and which satisfies M s V Z P is the group FD.
 .  .Proof. We note that M s F l D. We have that N M F N F by
w xLemma 4.1.15. Adem and Milgram 1, p. 393 confirm our calculations that
 . 3. 3.  :  .C M s F i Z , where Z s s . That is, C M s FD. As before, we2 2 2
 .  .  .  3.have that N M rC M , S . We calculate that N M , F i Z =3 2
3..S by finding that s commutes with the generators3 2
1 0 0 1 0 0
m s and û s0 0 1 0 1 0
v 1 1 v 1 1
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of a copy S 3. of S . Notice that m and û have orders 3 and 2, respectively.3 3
We note that S has a conjugacy class of maximal subgroups in the form5
.  . 3.Z = S . The radical 2-subgroups of N M are then F i Z s FD s2 3 2
  ..  3. 3..O N M , whose normalizer is F i Z = S and the conjugates of2 2 3
 .the Sylow 2-subgroup P s F i Z = Z . The group P does not satisfy2 2
  ..  .  :M s V Z P since Z P s d . However, FD clearly satisfies M s
  ..V Z FD . This completes the proof of Lemma 4.1.28.
We note that
N F l D s N F l N D . 4.1.29 .  .  .  .
w x  .  .Adem and Milgram 1, p. 393 calculate that N F l N D , D i S ,4
 . where S represents the second conjugacy class of S in L 2 . The first4 4 3
 .  . .such class is represented by a subgroup in N E l N D , D i S . We4
 .find that the element m of order 3 in N F l D normalizes the 4-group
3.  2: 3.  :V s k , b of a copy D s k , b of D . Here k was identified in2 8 8
 .4.1.17 and
1 0 0
2b s .v 1 0
1 1 1
3.  3. :  .Setting S s D , m gives a copy of S which lies in N F l D and4 8 4
3.  .satisfies S l D s 1. We conclude that N F l D can be constructed4
 3. 3.. 3.  .  .both as F i Z = S and as D i S , and that N F l N D s2 3 4
 .N F l D . However, we point out that S is not a subgroup of this
 .normalizer, since it does not lie in N D .
As a representative of the final class of elementary abelian 2-subgroups
 :of M to be considered, we choose L s d , k , where d is again the22
central element of the Sylow 2-subgroup S of M and k was identified in22
 .4.1.17 . This subgroup represents the conjugacy class made up of sub-
 .groups none of which is fixed by the Galois automorphism s of L 4 .2 2
w x  .Adem and Milgram 1, p. 393 confirm our calculations that C L s F,
 .  .while the normalizer N L , F i S . The radical 2-subgroup of N L is3
  ..then P , F i Z . However, P does not satisfy L s V Z P since2
 .Z P s F. This completes the proof of
 .LEMMA 4.1.30. There are not radical 2-subgroups P of N L which satisfy
  ..L s V Z P .
This concludes our search for the radical 2-subgroups of M . We22
combine our results in the form of the following proposition.
PROPOSITION 4.1.31. The following is a complete list of representati¨ es of
the conjugacy classes of radical 2-subgroups of M : 1, E, F, D, T s EF,22
ED, FD, and S s EFD.
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4.2. Radical 2-Chains of M22
In this section we shall prove
PROPOSITION 4.2.1. For the prime p s 2,
< <Cy1 k N C , n.B , d, O N n .  . . n . M n22
 .CgR M rM22 22
s k N 1 , n.B , d, O N n . .n . M n22
y k N 1 - E , n.B , d , O N n . .n . M n22
y k N 1 - F , n.B , d , O N n . .n . M n22
q k N 1 - EF , n.B , d, O N n . .n . M n22
< <Cy y1 k N C , n.B , d , O N n . 4.2.2 .  .  . . n . M n22
  ..  .CgR N D rN D
 .   . .Proof. We begin by setting k C s k N C , n.B, d, O N n for anyn. M n22
 .2-chain C of M . Then k C depends only on the M -conjugacy class of22 22
 .  .  .C. Furthermore, as we noted in 1.4.2 , k C is equal to k C9 whenever C
 .and C9 are 2-chains of M with the same normalizer N C s22 M .222
 .N C9 in M .2.M .2 2222
 .As usual, we write R s R M for the family of all radical 2-chains of22
M . We know from Definition 1.1.4 that any chain C: P - P - ??? - P22 0 1 n
 . < <in R starts with P s O M s 1. If C s n ) 0, then the second0 2 22
subgroup P in C is a nontrivial radical 2-subgroup of M . For any1 22
nontrivial radical 2-subgroup Q of M , we define R to be the subfamily22 Q
< <of all chains C g R with C ) 0 such that the second subgroup P in C is1
M -conjugate to Q. Evidently R is closed under M -conjugation, as is22 Q 22
the complementary subfamily RX s R y R .Q Q
We apply the above definitions when Q is the nontrivial radical 2-sub-
group D of M . Since R is the disjoint union of the M -invariant22 22
subfamilies R and RX , any subfamily RrM of representatives for theD D 22
M -orbits in R is the disjoint union of similar subfamilies R rM and22 D 22
RX rM of R and RX , respectively. It follows that the sum on theD 22 D D
 .left-hand side of 4.2.2 is
< < < < < <C C Cy1 k C s y1 k C q y1 k C . .  .  .  .  .  .  
XCgRrM CgR rM CgR rM22 22 22D D
4.2.2A .
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Let R be the subfamily of all chains C g R having D as their secondw D x D
subgroup P . By the definition of R , any chain in R is M -conjugate1 D D 22
to some chain in R . Clearly R is closed under conjugation byw D x w D x
 .  .elements of N D s N D . Furthermore, any element g g M sendingM 2222
some chain C g R to another chain C g g R must normalize thew D x w D x
 .common second subgroup D in both these chains, and hence lie in N D .
 .  .It follows that any family R rN D of representatives for the N D -orbitsw D x
in R is also a family of R rM of representatives for the M -orbits inw D x D 22 22
R . Let C: P s 1 - P s D - P - ??? - P be a 2-chain in M withD 0 1 2 n 22
length n ) 0 and the indicated first and second subgroups. Since D is a
radical 2-subgroup of M , it follows from Definition 1.1.4 that C is a22
radical 2-chain of M if and only if C1: P - P - ??? - P is a radical22 1 2 n
 . 12-chain of N D . Hence the map C ¬ C is a bijection of R ontow D x
  ..  .R N D . Clearly this bijection preserves N D -conjugacy, and hence
 .   ..  .sends R rN D onto a family R N D rN D of reprsentatives for theD
 .   ..N D -orbits in R N D . Since any chain C g R starts with P s 1, itw D x 0
 .  1. 1has the same normalizer N C s N C in M .2 as its image C .M .2 M .2 2222 22
 .  1. < < < 1 <Hence k C s k C . Because C s C q 1, we conclude that the first
 .sum on the right-hand side of 4.2.2A is
< < < <C Cy1 k C s y1 k C .  .  .  . 
 .CgR rM CgR rN D22D w D x
< <Cs y y1 k C . .  .
  ..  .CgR N D rN D
 .Substituting this last expression for that sum in 4.2.2A , we see that
 .4.2.2 will hold, and the proposition will be true, if and only if
< <Cy1 k C s k 1 y k 1 - E y k 1 - F q k 1 - EF . .  .  .  .  .  .
XCgR rM22D
4.2.2 B .
A subgroup Q of S s EFD is said to be weakly closed in S with respect to
M .2 if it is the only M .2-conjugate Q g of itself contained in S. Because22 22
E and F are the only elementary abelian subgroups of S with order 16,
but are not M -conjugate to each other, they are both weakly closed in S22
with respect to M .2. Hence so is their product EF. If Q is any of these22
three subgroups, then R will denote the subfamily of all chains C g RG Q
< <with C ) 0 such that the second subgroup P in C contains some1
M -conjugate Q g of Q. Evidently R is closed under M -conjugation.22 G Q 22
The unique radical 2-chain of M with length 0 is the chain 1 consisting22
only of the trivial subgroup of M . This chain lies in RX . Any other chain22 D
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X < <C g R has length C ) 0, and a second subgroup P which is a nontriv-D 1
ial radical 2-subgroup of M not conjugate to D. In view of Proposition22
4.1.31, such a P must be M -conjugate to exactly one of the groups E, F,1 22
EF, ED, FD, or EFD. Since each of these groups contains either E or F,
we conclude that C lies in R j R . On the other hand, D, which hasG E G F
order 8, cannot contain any conjugate of E or F, which have order 16. So
no chain in R can lie in either R or R . Therefore, RX is theD G E G F D
 4 Xdisjoint union of 1 and R j R . It follows that R rM is theG E G F D 22
 4  .disjoint union of 1 and a family R j R rM of reprsentatives forG E G F 22
the M -orbits in R j R . Evidently any chain in R lies in22 G E G F G EF
R l R . Conversely, if C g R l R , then the second subgroupG E G F G E G F
P in C contains both an M -conjugate E g of E and M -conjugate F h of1 22 22
F. Because P is a 2-subgroup of M , it is contained in some M -con-1 22 22
jugate Sk of the Sylow 2-subgroup S. So the M -conjugate E g k
y1
of E is22
contained in S. Since E is weakly closed in S, we must have E g k
y1 s E.
Hence E g s Ek. Similarly F h s F k. So P contains the M -conjugate1 22
k k  .kE F s EF of EF. Therefore, C belongs to R . This completes theG EF
proof that R s R l R .G EF G E G F
We may choose a family R rM of representatives for the M -orbitsG EF 22 22
in R , and then extend it to two families R rM and R rM ofG EF G E 22 G F 22
representatives for the M -orbits in R and R , respectively. We22 G E G F
 .  .may choose R j R rM to be the union R rM jG E G F 22 G E 22
 . XR rM of the resulting families. Then R rM is the union of theG F 22 D 22
 4three subfamilies 1 , R rM , and R rM . The first of these sub-G E 22 G F 22
families is disjoint from the other two, which intersect in R rM . ItG EF 22
 .follows that the sum on the left-hand side of 4.2.2B is
< < < <C Cy1 k C s k 1 q y1 k C .  .  .  .  . 
XCgR rM CgR rM22 22D G E
< <Cq y1 k C .  .
CgR rM22G F
< <Cy y1 k C . .  .
CgR rM22G EF
 .Hence 4.2.2B will hold, and the proposition will be true, if
< <Cy1 k C s yk 1 - Q , 4.2.2C .  .  .  .
CgR rM22G Q
for each Q s E, F, EF.
The group Q is now one of the nontrivial radical 2-subgroups E, F, or
EF of M . Furthermore, Q is weakly closed in S with respect to M .2.22 22
Suppose that C: P - ??? - P is any 2-chain of M starting with P s 1,0 n 22 0
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such that n ) 0 and P ) Q g for some g g M . We claim that Q g is the1 22
only M .2-conjugate of Q contained in P . Indeed, the 2-subgroup P of22 1 1
M must be contained in some M -conjugate Sk of the Sylow 2-subgroup22 22
S. Then Q g k
y1
is an M .2-conjugate of Q contained in S. Since Q is22
weakly closed in S, we must have Q g k
y1 s Q. So Q g s Qk. It follows
similarly that Qh s Qk whenever Qh is an M .2-conjugate of Q con-22
tained in P . Thus any such Qh must equal Q g. The fact that Q g is unique1
 . gallows us to define a 2-chain f C : P s 1 - Q - P - ??? - P of length0 1 n
< < g hC q 1 depending only on C. If h g M .2 normalizes C, then Q -22
 .h g g h gP s P . So the uniqueness of Q implies that Q s Q , that is, that h1 1
 .  .normalizes f C . Since any h g M .2 normalizing f C must normalize22
 .C, we conclude that C and f C have the same normalizer in M .2.22
 .   ..  .   ..Hence k C s k f C and N C s N f C . For each i s 1, 2, . . . , nM M22 22
we may apply the function f to the initial subchain C : P - P - ??? - Pi 0 1 i
 .  .of C with length i. It gives us the initial subchain f C s f C : P -i iq1 0
g  .Q - P - ??? - P of f C with length i q 1. Applying the arguments in1 i
 .the preceding paragraph with C in place of C, we obtain N C si M i22
  ..   . .   ..N f C s N f C . Hence O N C is equal to the ith sub-M i M iq1 2 M i22 22 22
   . ..  .group P in C if and only if O N f C is equal to the i q 1 sti 2 M iq122
 .  .subgroup P in f C . Because the first subgroup P in both C and f C isi 0
g  .1, and the second subgroup Q in f C is a radical 2-subgroup of M , we22
 .conclude that C is a radical 2-chain of M if and only if f C is a radical22
2-chain of M .22
We now define R to be the subfamily of R consisting of all) Q G Q
< <chains C g R with C ) 0 such that the second group P in C satisfies1
Q g - P for some g g M . Then the above arguments imply that f is an1 22
 .injection of R into R , and that the image f R consists of all) Q Q ) Q
chains C g R such that C is not M -conjugate to 1 - Q. Evidently fQ 22
preserves M -conjugation. Since R is the disjoint union of R and22 G Q Q
R , we conclude that it is the disjoint union of three M -invariant) Q 22
 .subfamilies, R , f R , and the M -conjugacy class of 1 - Q. Let) Q ) Q 22
R rM be any family of representatives for the M -orbits in R .) Q 22 22 ) Q
 .Then f R rM is a family of representatives for the M -orbits in) Q 22 22
 .f R . So we may choose our family R rM to be the disjoint union ofQ G Q 22
 .  4the three subfamilies R rM , f R rM , and 1 - Q . Then the) Q 22 ) Q 22
 .sum on the left-hand side of 4.2.2C is
< < < <C Cy1 k C s y1 k C .  .  .  . 
CgR rM CgR rM22 22G Q ) Q
< <Cq y1 k C y k 1 - Q .  .  .
 .Cgf R rM22) Q
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< <Cs y1 k C .  .
CgR rM22) Q
<  . <f Cq y1 k f C y k 1 - Q . .  .  . .
 .   .. <  . < < <But, k C s k f C and f C s C q 1 for any C g R rM . So) Q 22
 . <C <  .  . < f C . <   ..y1 k C q y1 k f C s 0 for any such C. Hence the above
 .equation reduces to 4.2.2C and Proposition 4.2.1 is proved.
In the next section we shall consider in detail radical 2-chains of M22
where P is a conjugate of D. The result will allow us to simplify our1
calculations even further.
 .4.3. Radical 2-Chains of N DM22
w xIn 11 Dade mentioned that he has proved that the M-A-D conjecture
 .holds for solvable groups and for groups of the form L q . We shall2
assume these results in what follows. We prove
PROPOSITION 4.3.1. If the abo¨e assumption holds, then
< <Cy1 k N C , n.B , d, O N n s 0 4.3.2 .  .  . . n . M22
  ..  .CgR N D rN D
for any di¨ isor n of 12, any 2-block n.B of n.M , any integer d, any faithful22
 .linear character n of N s N s Z n.M , and any subgroup O ofn 22
 .Out n.M N N .22 n
 .  .  .Proof. Let n.N D s N D be the inverse image of N D inn. M22
< < 3  .n.M . We know that D s 2 and that N D s D i L, where L ,22
 .  .  .L 2 , L 7 acts faithfully on D as Aut D . So D is a normal 2-subgroup3 2
 .  .  .of N D with C D s D. The inverse image n.D of D in n.N D is aND .
 .  .nilpotent normal subgroup with C n.D s Z n.D . In fact, n.D is then. ND .
 .  .direct product n.D = N of its Sylow 2-subgroup n.D and the Hall2 2 9 2
 .  .29-subgroup N of N. Since n.D has image D s C D , we have2 9 2 ND .
 . .  .  . .  . .C n.D s Z n.D s Z n.D = N . Thus C n.D hasn. ND . 2 2 2 9 n. ND . 2
 . XXexactly one 2-block b9 lying over B n . In fact 1 s 1 s 1 , where nb9 n Bn . 22w xis the restriction of n to N . It follows from 14, 5.3.11 that2 9
 .  .  .4.3.3 n.N D has exactly one 2-block n.b lying over B n . Indeed,
1 s 1 s 1 .n.b b9 Bn .
We shall prove Proposition 4.3.1 in a series of lemmas. We denote by
  . .   . .Irr N C , d, O N n the set of all characters x g Irr N C N nn. ND . n. ND .
 .  . such that d x s d and such that N C has image O in Out n.Mn. ND ..2 x 22
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.   . .   . .N N , and by k N C , d, O N n the order of Irr N C , d, O N n .n n. ND . n. ND .
 .  .Here n.N D .2 s N D . We first proven. M .222
 .  .n. M22LEMMA 4.3.4. Equation 4.3.2 holds tri¨ ially if n.B / n.b , and is
equi¨ alent to
< <Cy1 k N C , d , O N n s 0 4.3.5 .  .  . . n . ND .
  ..  .CgR N D rN D
 .n. M22if n.B s n.b .
  ..   ..Proof. Any C g R N D begins with P s O N D s D. Hence0 2
 .  .  .  .  .N C F N D s n.N D . So N C s N C . Any charac-n. M n. M n. M n. ND .22 22 22
  . .  .  .ter x g Irr N C N n defines a 2-block B x of N C sn. M n. M22 22
 .  .  .N C inducing 2-blocks of both n.M and n.N D . In view of 4.3.3 ,n. ND . 22
 .n. ND .  .n. M22  .n. M22this implies that B x s n.b and B x s n.b . This tells
  . .us that Irr N C , n.B, d, O N n is empty unless n.B is the fixed 2-blockn. M22
 .n. M22   . .n.b , in which case this set is equal to Irr N C , d, O N n . Then. ND .
conclusion of the lemma follows.
 .  .We look next at the structure of n.N D .2. Because n.N D is a central
 .extension of a perfect group N D by N, it is the central product
 . w  .  .xn.N D s HN of its derived group H s n.N D , n.N D and N. Fur-
 .thermore, H is perfect, and both factors H and N are normal in n.N D .2.
 .  .  .Since N D is perfect, it must be the derived group of N D .2 s N D .M .222
 .  .The Atlas tells us that N D is isomorphic to N D = Z , which hasM .2 222
 .  .  .  :N D = 1 as its derived group. It follows that N D .2 s N D = b for
 .  .  .some involution b g N D .2 y N D . Let b9 be any element of n.N D .2
 .having b as its image in N D .2, and let N9 s H l N. Then b9 acts as an
 .automorphism of the perfect group H centralizing HrN9 , N D . Since
N9 is central in H, this implies that b9 centralizes H. Hence
 .  .  .  .4.3.6 n.N D .2 is the central product n.N D .2 s HC H ,n. ND ..2
 .  :  .where C H s b9, N covers Out n.M , Z .n. ND ..2 22 2
Since we know that b9 inverts N and centralizes H, it must both invert
< < < <and centralize the cyclic group N9 s H l N. Hence N9 s H l N F 2.
 .It follows that the natural epimorphism g : H ª N D with kernel N9
 .   ..induces a bijection of R H onto R N D , sending any radical 2-chain
 .  .  .C: P s O H - P - ??? - P of H to the radical 2-chain g C : g P0 2 1 n 0
  ..  .  .  .  .s O N D s D - g P - ??? - g P of N D . In that case N C is2 1 n H
y1   ...   ..the inverse image g N g C , and N g C is the centralND . n. ND .
  ..  .  .product N g C s N C N, with N C l N s N9.n. ND . H H
y1 .Let D9 be the inverse image g D of D in H. Then D9 is a central
extension of the elementary abelian group D of order 23 by the cyclic
group N9 of order 1 or 2. Since H acts irreducibly on D9rN9 , D, this
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 . 3 4implies that D9 s O H is elementary abelian of order 2 or 2 . For2
 .arbitrary subgroup K of H, where K G D9, we denote by Irr K, d N n the
 .  .set of all x g Irr K N n with d x s d. Let n 9 be the restriction of n to a
 .faithful linear character of N9 s N C l N s H l N. Furthermore, letH
w x.  .d9 s d y a N : N9 , where a n is the function of n defined in Sect. 1.2.
We prove
 .  .LEMMA 4.3.7. Equation 4.3.5 holds tri¨ ially if O / Out n.M N N ,22 n
and is equi¨ alent to
< <Cy1 k N C , d9 N n 9 s 0 4.3.8 .  .  . . H
 .CgR H rH
 .if O s Out n.M N N .22 n
  . .    ..Proof. There is a bijection of Irr N C N n 9 onto Irr N z C NH n. ND .
.n , sending any character x in the former set to its central product xn
with n . Since x and xn have the same degree, while
w   ..  .x w xN g C : N C s N : N9 , we haven. ND . H
< <d xn s a N g C y a xn 1 .  .  . .  . .n . ND .
< <w x w xs a N : N9 q a N C y a x 1 s a N : N9 q d x . .  .  . .  .  . .H
 .  .  .In particular, d xn s d if and only if d x s d9. It follows from 4.3.6
  ..   ..that N g C is the central product N g C sn . N  D ..2 n . N  D ..2
 . :  :  .   ..N C b9, N , where b9, N l N C s N9. Since b9 g N g CH H n. ND ..2
 .   . .centralizes N C , it fixes x g Irr N C N n 9 . It follows that b9 fixes xnH H
  ..if and only if it fixes n . We conclude that N g C has imagen. ND ..2 xn
 .   . .Out n.M N N for every x g Irr N C N n 9 . This tells us that the set22 n H
   .. .  .Irr N g C , d, O N n is empty if O / Out n.M N N and is inn. ND . 22 n
  . .one-to-one correspondence with the set Irr N C , d9 N n 9 when O sH
 .Out n.M N N . The conclusion of the lemma follows.22 n
wSuppose that K is a subgroup of H such that D9 F K. Recall from 12,
x  .17.1 that a weight of K with respect to D9 is any character x g Irr K
 .  .  .such that d x s d f for any f g Irr D9 lying under x . Since D9 is
 .  .  < <.   ..  < <.abelian, f 1 s 1 and d f s a D9 y a f 1 s a D9 . Hence the set
 .Wt K N D9, n 9 of all weights of K with respect to D9 lying over n 9 is the
  < <. .  .  .set Irr K, a D9 N n 9 , and its order w K N D9, n 9 is w K N D9, n 9 s
  < <. .  . k K, a D9 N n 9 . In particular, the number w K, d9 N D9, n 9 of x g Wt K
.  .  < <.  .N D9, n 9 with d x s d9 is 0 if d9 / a D9 and is w K N D9, n 9 s
  < <. .  < <. w xk K, a D9 N n 9 if d s a D9 . The hypothesis of Theorem 17.6 of 12
includes the statement that the M-A-D conjecture must hold when G is
 .any subgroup of HrD9 , L 8 . But any such subgroup G is either3
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 .solvable or isomorphic to L 8 . So our assumption made at the beginning3
w xof this section implies that the conjecture holds for G. Applying 12, 17.6
 .with H and D9 s O H substituted appropriately, we see that2
< <Cy1 k N C , d9 N n 9 .  . . H
 .CgR H rH
< <Cs y1 w N C , d9 N D9, n 9 . .  . . H
 .CgR H rH
This and the above arguments give us the following lemma.
 .  < <.LEMMA 4.3.9. Equation 4.3.8 holds tri¨ ially if d9 / a D9 , and is
equi¨ alent to
< <Cy1 w N C N D9, n 9 s 0 4.3.10 .  .  . . H
 .CgR H rH
 < <.if d9 s a D9 .
 .We have already remarked that N D , HrN9 is a semidirect product
 .  .D i L, where L , L 2 acts on D as Aut D . It follows that H is the3
semicentral product H s D9L9 of D9 with the derived group L9 s
w y1 . y1 .xg L , g L of the inverse image of L. Hence N0 s D9 l L9 s
 .  .Z L9 F N9 and L9 is isomorphic to either L 2 or its double cover3
 .  .  w x.2.L 2 , SL 7 see the Atlas 8 . We fix a subgroup K of H containing3 2
D9. Then K has the form K s D9K 9, where K 9 s K l L9 is a subgroup of
 .L9 containing N0 s Z L9 . Conjugation by both K and K 9 has the same
 .effect on the eight characters in Irr D9 N n 9 , permuting them in various
 .orbits. The stabilizer K in K for fixed f g Irr D9 N n 9 is the semicentralf
product K s D9K X , where K X s K l K 9 is the stabilizer of f in K 9.f f f f
Let n 0 be the restriction of n 9 to N0. Then the map sending x g
 X .  .  .Irr K N n 0 to the well-defined function fx : s k ¬ f s x k for s g D9f
X  X .  .and k g K is a bijection of Irr K N n 0 onto Irr K N f . Combining thisf f f
 .  .with the inductive bijection of Irr K N f onto Irr K N f we obtain af
 .K  X .  .bijection x ¬ f of Irr K N n 0 onto Irr K N f .x f
 X .  .K  .Fix x g Irr K N n 0 . By definition, the character fx g Irr K N f isf
 .K .  < <.a weight with respect to D9 if and only if d fx s a D9 . Since
 .K  . w x  . w x  .fx 1 s K : K fx 1 s K : K x 1 , this holds if and only iff f
 < <.  < <.  .K  ..  < <.   ..  < <.  < <.a D9 s a K y a fx 1 s a K y a x 1 . But a K y a D9f f
 < <.  < X <.s a K rD9 s a K rN0 . Hencef f
 .  .4.3.11 the number w K N D9, f of weights of K with respect to D9
 .lying over a fixed character f g Irr D9 N n 9 is equal to the number
 X  < <. .  X .   ..k K , a N0 N n 0 of characters x g Irr K N n 0 satisfying a x 1 sf f
 < X <.a K rN0 .f
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It follows that
w K N D9, n 9 s w K N D9, f .  .
 .fgIrr D 9Nn 9 rK
X < <s k K , a N0 N n 0 . 4.3.12 .  . . f
 .fgIrr D 9Nn 9 rK
The following lemma will be useful in what follows.
 X .  X  < <. .LEMMA 4.3.13. If O K ) N0 then k K , a N0 N n 0 s 0.2 f f
 X . XProof. Any character x g Irr K N n 0 lies over some K -conjugacyf f
  X .class of characters c g Irr O K N n 0 . Fix any such c . It follows from2 f
 .  . w X  X .xClifford theory that x 1 rc 1 divides K : O K . Since N0 is central,f 2 f
 . <w  X . x <  .2 <w  X . x <the degree c 1 divides O K : N0 , and c 1 F O K : N0 . If x2 f 2 f
 X  < <. .   .. w X x.lies in Irr K , a N0 N n 0 , then a x 1 s a K : N0 , which can onlyf f
  .  .. w X  X .x.   ..happen when a x 1 rc 1 s a K : O K and a c 1 sf 2 f
w  X . x.  X .a O K : N0 . Because O K is a 2-group, this last equation holds if2 f 2 f
 . w  X . xand only if c 1 s O K : N0 . But this is impossible since2 f
w  X . x  .2 w  X . xO K : N0 ) 1 and c 1 F O K : N0 . Hence the conclusion of2 f 2 f
the lemma follows.
 .The group L , L 2 has a dihedral Sylow 2-subgroup D of order 8.3 8
w xThe two 4-groups V and V in D can be chosen so that that D, V is a1 2 8 i
i  .subgroup of order 2 for i s 1, 2. Then N V , S is the group of allL i 4
w xautomorphisms of D leaving D, V invariant, and V is the subgroup of alli i
w x w xautomorphisms centralizing both Dr D, V and D, V . The normalizer ofi i
 .  .  .D s V V is N D s N V l N V s D s V V . We see readily8 1 2 L 8 L 1 L 2 8 1 2
that L has four conjugacy classes of radical 2-subgroups. These classes are
represented by 1, V , V , and D s V V . From the above descriptions of1 2 8 1 2
their normalizers, it is clear that L has six conjugacy classes of radical
2-chains. These are represented by the following chains C:
 .C N CL
1 L
 .1 - V N V , S1 L 1 4
 .1 - V N V , S2 L 2 4
1 - V V s D D1 2 8 8
1 - V - V V D1 1 2 8
1 - V - V V D2 1 2 8
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We have also given the normalizers of each of these chains. Since the
 .radical 2-chains of H are the inverse images of those of L , HrO H ,2
we conclude that
 .LEMMA 4.3.14. Equation 4.3.10 is equi¨ alent to
w D9L9 N D9, n 9 y w D9N V N D9, n 9 y w D9N V N D9, n 9 .  .  . .  .L9 1 L9 2
q w D9DX N D9, n 9 s 0, 4.3.15 .  .8
where DX is the in¨erse image of D in L9.8 8
w x  .The Atlas 8 tells us that the maximal subgroups of L s L 2 have3
<  . < < < 3indices 7 or 8. Since Irr D9 N n 9 s D s 2 s 8, we conclude that either
 .L fixes some f g Irr D9 N n 9 or L permutes all such f transitively. We
treat the two cases separately in the next two lemmas.
 .LEMMA 4.3.16. In the case where L fixes some f g Irr D9 N n 9 , eq.
 .4.3.15 holds.
Proof. Here D9 is the direct product D9 s D0 = N9, where D0 s
 .ker f is normal in H and isomorphic to D as an L-group. Since
N0 s D9 l L9 F N9 and H s DL9 is perfect, this implies that N0 s N9
 .and H s D0 i L9 , D i L9. We treat the four terms in eq. 4.3.15
 .individually. Since L9 acts on D0 as Aut D0 , it permutes transitively the
 .seven nontrivial characters in Irr D0 . It follows that L9 has two orbits in
 . XIrr D9 N n 9 , one represented by f with stabilizer L s L9, and onef
X  .represented by a character f9 with stabilizer L s N V . The characterf L9 2
 .tables in the Atlas tell us that Irr L9 N n 0 has exactly one character x
 < <.  < <.  .  .with a x s a L9rN0 s 3, whether L9 is L 2 or 2.L 2 . Because3 3
  .. XO N V is the inverse image V of V , and hence contains N0, by2 L9 2 2 2
  . .Lemma 4.3.13 there can be no characters x g Irr N V N n 0 withL9 2
 < <.  <  . <.  .a x s a N V rN0 s 3. We conclude from this and 4.3.12 thatL9 2
w D9L9 N D9, n 9 s 1 q 0 s 1. 4.3.17 .  .
The subgroup V of L fixes all four characters of D9 s D0 = N0 of the1
 . w xform f9 s l0 = n 0, where l0 g Irr D0 is trivial on the subgroup D0, V1
of order 2. It follows that, if V X is the inverse image of V in L9, then1 1
X   . .   . .N0 - V F O N V for any such f9. Hence w N V N D9, f9 s 01 2 L9 1 f 9 L9 1
for these f9 by Lemma 4.3.13. However, V permutes regularly and1
 .transitively the four characters f0 g Irr D9 N n 9 such that f0 is nontriv-
w x  .ial on D0, V . It follows that the stabilizer N V of any such f0 is a1 L 1 f 0
 .complement to V in N V , S , and hence must be isomorphic to S .1 L 1 4 3
Since the Schur multiplier of S is trivial S has only cyclic Sylow3 3
.  .   . .subgroups! this means that N V , N9 = S . So Irr N V N n 9L9 1 f 0 3 L9 1 f 0
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  .. w  . x.contains exactly one character x with a x 1 s a N V : N0 s 1,L9 1 f 0
 .corresponding to the character of degree 2 in Irr S . From this and3
 .4.3.12 we conclude that
w D9N V N D9, n 9 s 1. 4.3.18 .  . .L9 1
 .  . 2  .If f9 g Irr D9 N n 9 , then ker f9 l D0 has order at least 2 . So ker f9
w x  <w x < 2 < < 3.l D0, V has order at least 2 because D0, V s 2 and D0 s 2 .2 2
w xThere is, therefore, some involution ¨ / 1 in V such that 1 - D0, ¨ F2 2 2
 . w x  .   . .ker f9 l D0, V . Hence 1 - V F O N V . As usual, Lemma2 2 f 9 2 L 2 f 9
  . .4.3.13 implies that w D9N V N D9, f9 s 0. ThusL9 2
w D9N V N D9, n 9 s 0. 4.3.19 .  . .L9 2
 .  . .  .  .Similarly 1 - V F O D s D for any f9 g Irr D9 N n 9 .2 f 9 2 8 f 9 8 f 9
Hence
w D9DX N D9, n 9 s 0. 4.3.20 .  .8
 .  .  .  .  .In view of 4.3.17 , 4.3.18 , 4.3.19 , and 4.3.20 , eq. 4.3.15 is 1 y 1 y
0 q 0 s 0, which is correct. Thus the equation holds when L fixes some
 .f g Irr D9 N n 9 . This concludes the proof of Lemma 4.3.16.
The final step in the proof of Proposition 4.3.1 is the following lemma.
 . LEMMA 4.3.21. Equation 4.3.15 holds when L permutes all f g Irr D9
.N n 9 transiti¨ ely.
Proof. In this case L , Z i Z is a Frobenius group of order 21.f 7 3
Therefore, the Sylow 2-subgroup D is a complement to L in L, since8 f
< < < < < <D l L s 1 and D ? L s 8 ? 7 ? 3 s L . Since D is contained in each8 f 8 f 8
 .  .of L, N V , N V , and D , we conclude that each of these groups has aL 1 L 2 8
 .  .single orbit in Irr D9 N n 9 , with stabilizers L , Z i Z , N V , Z ,f 7 3 L 1 f 3
 .  .N V , Z , and D s 1, for any f in that orbit. Each of theseL 2 f 3 8 f
stabilizers has odd order, and hence splits over N0 , Z or Z . Further-2 1
more, each irreducible character of these stabilizers has odd degree, and
 .hence is a weight with respect to N0. It follows from this and 4.3.12 that
 . <  . <   . . <   . . <w D9L9 N D9, n 9 s Irr L s 5, w D9N V N D9, n 9 s Irr N V sf L9 1 L 1 f
  . . <   . . <  X .3, w D9N V N D9, n 9 s Irr N V s 3, and w D9D N D9, n 9 sL9 2 L 2 f 8
<  . . <  .Irr D s 1. Thus eq. 4.3.15 is 5 y 3 y 3 q 1 s 0, which is correct.8 f
This completes the proof of Lemma 4.3.21.
 .We conclude that equation 4.3.15 holds in all cases. It follows that
Proposition 4.3.1 is proved.
We are now ready to state a theorem concerning the M-A-D conjecture
and the prime p s 2.
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4.4. The M-A-D Conjecture and the Prime p s 2
In verifying the M-A-D conjecture for the prime p s 2 and the group
M we shall be concerned only with the following four radical 2-chains,22
listed together with their nomalizers in M :22
C : 1, N C s M , .0, 2 M 0, 2 2222
C : 1 - E, N C s E i A2. , E i A , .1, 2 M 1, 2 6 622
C : 1 - EF , N C s E i S 2. , E i S , .2, 2 M 2, 2 4 422
C : 1 - F , N C s F i S 2. , F i S . .3, 2 M 3, 2 5 522
Notice that the second subscript j in C represents the prime p s 2, toi, j
distinguish these chains from those found in Sect. 3. In view of Proposi-
tions 4.2.1 and 4.3.1, the conjecture will be correct if and only if the
equation
k N C , n.B , d, O N n y k N C , n.B , d , O N n .  . .  .n . M 0, 2 n n . M 1, 2 n22 22
q k N C , n.B , d , O N n . .n . M 2, 2 n22
y k N C , n.B , d , O N n s 0 4.4.1 .  . .n . M 3, 2 n22
holds for each n s 1, 2, 4, 3, 6, 12, each faithful linear character n of then
center N of n.M , each integer d G 0, each subgroup O of Out n.M Nn 22 22
.N , and each block n.B satisfyingn
 .  .4.4.2 n.B is a 2-block of n.M lying over the 2-block B n of N22 n n
containing n , but not having the Sylow 2-subgroup of N as a defectn n
group.
  .  .See 1.4.1 and 1.4.2 as well as the statement of the M-A-D conjecture in
.Sect. 1.4.
 .The correctness of 4.4.1 will follow from Table 2.
The index for each column in the table is one of the radical 2-chains Ci, j
 .listed above. Underneath that index we write the sign q or y of the
 .corresponding term in 4.4.1 . Each row of Table 2 has three indices, a
 .block n.B, an integer d, and a subgroup Z of Out M . For a fixedk 22
divisor n of 12, the n.B appearing in Table 2 is the only 2-block of n.M22
having a defect group strictly larger than the Sylow 2-subgroup of N .n
These 2-blocks will be described explicitly in the next section. The table
entry for the row with indices n.B, d, Z and column with index C is thek i, j
  . .value of k N C , n.B, d, Z N n , where n is a faithful linear charac-n. M i, j k n n22
ter of N . These values will be computed in the next four sections. Wen
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TABLE 2
C C C C0, 2 1, 2 2, 2 3, 2
q y q y
1.B 7 Z 8 8 8 82
1.B 6 Z 2 2 2 22
1.B 5 Z 0 0 2 22
1.B 4 Z 2 2 0 01
2.B 7 Z 4 4 4 42
2.B 6 Z 0 0 2 22
2.B 5 Z 3 3 1 12
2.B 7 Z 4 4 4 41
4.B 6 Z 2 2 2 21
4.B 5 Z 4 2 1 31
4.B 4 Z 2 2 0 01
3.B 7 Z 8 8 8 81
3.B 6 Z 2 2 2 21
3.B 5 Z 0 0 2 21
6.B 7 Z 8 8 8 81
6.B 6 Z 0 0 2 21
6.B 5 Z 1 1 1 11
12.B 6 Z 2 2 2 21
12.B 5 Z 4 2 1 31
  . .shall also show that k N C , n.B, d, Z N n s 0 for any combinationn. M i, j k n22
 .of n.B, d, Z and C not appearing in Table 2. Therefore, eq. 4.4.1 willk i, j
hold if and only if the alternating sum of the values in any row of Table 2
is 0. Since this is obviously true, the verification that Table 2 is correct will
complete the proof of
THEOREM 2. The M-A-D conjecture holds when the group G is any
co¨ering group n.M of M for some n s 1, 2, 3, 4, 6, or 12, the cyclic22 22
central subgroup N of G is the center N of n.M , the p-block B of G is anyn 22
 .2-block n.B of n.M lying o¨er the block B n containing a faithful linear22 n
 .character n g Irr N and not ha¨ing the Sylow 2-subgroup of N as a defectn n n
group, the defect d is any nonnegati¨ e integer, and the group O is any
 .subgroup of Out n.M N N .22 n n n
4.5. The Chain C0, 2
As in Sect. 3.3, we shall summarize information gained from the charac-
 .ter table in the Atlas for the groups N C s n.M .2. Usingn. M .2 0, 2 2222
 .3.3.1 , we determine that, for each divisor n of 12, there is only one
2-block for n.M having a defect group strictly larger than the Sylow22
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 .2-subgroups of N . We begin with n s 1 and let n s 1 since Z M s Nn 1 22 1
is trivial. Then there is only one 2-block 1.B of M where22
Irr 1.B N n s Irr 1.B .  .1
 4s x , x , x , x , x , x , x , x , x , x , x , x . 4.5.1 .1 2 3 4 5 6 7 8 9 10 11 12
These characters have 2-defects 7, 7, 7, 7, 7, 7, 6, 6, 7, 4, 4, and 7,
w xrespectively. The Atlas 8 indicates that
 .4.5.2 the two characters x and x of M , with 2-defect 4, fuse10 11 22
in M .2. No other characters of M fuse under this action.22 22
These results give us the 1.B entries in the first column of Table 2 and tell
  . .us that k N C , 1.B, d, O N 1 is zero for all other combinations of dM 0, 222
and O satisfying the hypotheses of Theorem 2.
Next we let n s 2, let n be a faithful linear character of the center N2 2
of 2.M , and determine that there is exactly one 2-block 2.B of 2.M22 22
 . w xsatisfying 4.4.2 for n s 2. In the notation of the Atlas 8 , we have
 4Irr 2.B N n s x , . . . , x . 4.5.3 .  .2 13 23
These characters have 2-defects 7, 7, 5, 5, 7, 7, 7, 7, 7, 7, and 5, respectively.
In addition, the Atlas confirms that
 .4.5.4 the pair of characters x and x of 2.M , with 2-defect 7,17 18 22
and the pair of characters x and x also of 2.M , with 2-defect 7, fuse19 20 22
in 2.M .2. No other characters of 2.M fuse under this action.22 22
These values give us the 2.B entries in the first column of Table 2. Also,
  . .k N C , 2.B, d, O N n is zero for all other combinations of d and O2. M 0, 2 222
satisfying the hypotheses of Theorem 2.
We then let n s 4, let n be a faithful linear character of the center N4 4
of 4.M , and determine that there is only one 2-block 4.B of 4.M where22 22
 4Irr 4.B N n s x , . . . , x . 4.5.5 .  .4 24 31
The 2-defects of these characters are 6, 6, 5, 5, 4, 4, 5, and 5, respectively.
We recall that the central elements of 4.M and 3.M are inverted by the22 22
 w x.outer automorphism group of M see Atlas 8, p. 40 . Thus the only22
 .possible value of the subgroup O of Out n.M N N s 1 is O s Z22 n 1
whenever n ) 2. These results give us the 4.B entries in the first column
  . .of Table 2, and tell us that k N C , 4.B, d, O N n is zero for all4. M 0, 2 422
other combinations of d and O satisfying the hypotheses of Theorem 2.
Now let n s 3, let n be a faithful linear character of the center N of3 3
3.M , and determine that there are two 2-blocks, 3.B and 3.B9, of 3.M22 22
where
 4Irr 3.B N n s x , . . . , x 4.5.6 .  .3 32 41
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and
 4Irr 3.B9 N n s x . .3 42
These characters have 2-defects 7, 7, 7, 7, 7, 7, 6, 7, 7, 6, and 0, respectively.
 .Note that the block 3.B9 does not satisfy 4.4.2 . The values here give us
the 3.B entries in the first column of Table 2 and tell us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and3. M 0, 2 322
O satisfying the hypotheses of Theorem 2.
We next let n s 6, let n be a faithful linear character of the center N6 6
of 6.M , and determine that there are two 2-blocks, 6.B and 6.B9, of22
6.M where22
 4Irr 6.B N n s x , . . . , x 4.5.7 .  .6 43 51
and
 4Irr 6.B9 N n s x . .6 52
These characters have 2-defects 7, 7, 5, 7, 7, 7, 7, 7, 7, and 1, respectively.
 .We note that the block 6.B9 does not satisfy 4.4.2 . These values give us
the 6.B entries in the first column of Table 2 and tell us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and6. M 0, 2 622
O satisfying the hypotheses of Theorem 2.
Finally, we let n s 12, let n be a faithful linear character of the center12
N of 12.M , and determine that there are two 2-blocks, 12.B and 12.B9,12 22
of 12.M where22
 4Irr 12.B N n s x , . . . , x 4.5.8 .  .12 53 58
and
 4Irr 12.B9 N n s x . .12 59
These characters have 2-defects 6, 6, 5, 5, 5, 5, and 2, respectively. The
block 12.B9 does not satisfy the hypothesis of Theorem 2. The values here
give us the 12.B entries in the first column of Table 2 and tell us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d,12. M 0, 2 1222
and O satisfying the hypotheses of Theorem 2.
4.6. The Chain C1, 2
We consider next the radical 2-chain C , whose normalizer is1, 2
 . 2.N C s E i A . The character table for this group can be found inM 1, 2 622 w xJanko's paper 21, p. 11 . It is clear that the first seven characters must lie
over the principal character of E, while the next five lie over a linear
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character of E which has stabilizer S . In this and in the following4
w xsections, we shall make use of the result from 14, 5.3.11 which states that
 .  .4.6.1 if P is a p-group and C P F P, then there is exactly oneG
 .p-block of N P .G
Then the 2-defects of the 12 characters in the only 2-block of E i A2.6
can be seen to be 7, 7, 6, 4, 4, 7, 7, 7, 7, 6, 7, and 7, respectively. This block
clearly induces the block 1.B of M .22
 .We consider the normalizer N E of E in M .2. We know that thisM .2 22222.  . 2. 2.group is E i S by 2.3.15 , where S s A .2. The character table for6 6 6
w x  .A in the Atlas 8, p. 5 tells us that this means that N E fuses two6 M .222
conjugacy classes of elements of A2. of order 5 and two characters of A2.6 6
with degree 8 and 2-defect 4. These are clearly x and x in Janko's4 5
2. 2. w xcharacter table. Since A .2 s S , we know from 8, p. 5 that S .2 ,6 6 4
S = Z . Therefore, no other characters are fused by this action.4 2
 .Since the center Z M is trivial, we set n equal to 1. The results22 1
above give us the 1.B entries in the second column of Table 2 and tell us
  . .that k N C , 1.B, d, O N 1 is zero for all other combinations of d andM 1, 222
O satisfying the hypotheses of Theorem 2.
We turn now to the factor group 2.M of the covering group. We22
 2:choose a faithful character n of the center N , N r a of 2.M . We2 2 4 22
recall that a2 s y1. We prove
LEMMA 4.6.2. The 2.B entries in the second column of Table 2 are as
listed.
Proof. It is clear that the elementary abelian 2-subgroup E splits over
N . The 16 extensions of n to linear characters of 2.E are completely2 2
determined by their kernels, which are 16 complements to N in 2.E. One2
of these complements is
 :E9 s e e ; 1 F i - j F 6, i , j / 4 ,Ä Äz zi j
 4where e is the image in the factor group 2.E s Gr "1 of the elementÄz i
e of G. We determine that E9 is stabilized by a subgroup A3. of A2.z 5 6i 3.  .where A s A . We recall from the construction of N E in5  z , z , z , z , z 4 M1 2 3 5 6 22
Sect. 2.3 that A2. splits over N . Further, A2. does not stabilize E9, since6 4 6
if it did that would imply that a Sylow 2-subgroup of M splits over N ,22 2
which would mean that 2.M is a split extension. Since the index of A in22 5
A is six, there are six copies of E in the orbit containing E9.6
We find a second complement to N in 2.E, which we label E0. The2
complement E0 is the direct product of the two 4-groups
 :V s e e ; 1 F i - j F 3Ä Ä1 z zi j
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and
 :V s e e ; 4 F i - j F 6 .Ä Ä2 z zi j
Then E0 is stabilized by the normalizer in A of the partition of Z intoZ
 4  4the two sets z , z , z and z , z , z , which is a Frobenius group of the1 2 3 4 5 6
 . 2.form Z = Z i Z . Again we note that E0 is not stabilized by A3 3 4 6
since that would imply that a Sylow 2-subgroup of M splits over N ,22 2
 .which would mean that 2.M is a split extension. Since Z = Z i Z22 3 3 4
is of index 10 in A , there are 10 copies of E in this orbit containing E0.6
Thus the orbits of E9 and E0 include all 16 s 6 q 10 complements to N2
w xin E. For details of the above calculations, see 17 .
Since A2. splits over N , we can conclude that A3. F A2. splits over6 4 5 6
 .N . The degrees of the characters of N C which lie over n are then2 2. M 1 222
simply the degrees of the characters of A , whcih are 1, 3, 3, 4, and 5,5
 .multiplied by 6, and the degrees of the characters of Z = Z i Z ,3 3 4
which are 1, 1, 1, 1, 4, and 4, multiplied by 10. This yields characters with
2-defects 7, 7, 7, 5, 7, 7, 7, 7, 7, 5, and 5, respectively. As usual these
characters lie in a single 2-block which must induce the only 2-block 2.B of
2.M .22
 . Next we consider the action of N E on the characters of 2. E iM .2222.. w x  .A . From the Atlas 8, p. 39 we determine that N E s E i S and6 M .2 622w xthat 8, p. 4 if A .2 s S then A .2 s S for A F A . We conclude that6 6 5 5 5 6
there exists an element in M .2, which together with A3., the stabilizer of22 5
E9, generates a copy of S acting on E. This element of M .2 must5 22
combine the conjugacy classes of A3. containing elements of order 5. In5
 .addition, it must fuse the two characters of N C which have degree2. M 122
18 s 3 = 6 and 2-defect 7.
 .In determining the action of M .2 on the group Z = Z i Z ,22 3 3 4
w xwhich is the stabilizer of E0, we first note 8, p. 4 that the Atlas indicates
w . x  . that if A .2 s S then Z = Z i Z .2 s Z = Z i D for Z =6 6 3 3 4 3 3 8 3
.Z i Z F A . The two orbits of complements of N in 2.E must be3 4 6 2
stable under the action of M .2 since they are of different lengths,22
 .namely, 10 and 6. Therefore, there exists an element in N E whichM .222
leaves invariant the complement E0. This element generates from Z =3
. Z i Z , the normalizer in A of a Sylow 3-subgroup, a copy of Z =3 4 6 3
.  . Z i D s N Z = Z . We note that the two characters of Z =3 8 S 3 3 36
.Z i Z with degree 4 cannot fuse under this action since the classes of3 4
elements of order 3 in A are stabilized by S . However, the two charac-6 6
 .ters of Z = Z i Z found by multiplying the faithful characters of Z3 3 4 4
by the principal character of Z = Z do fuse under the action of M .2,3 3 22
which generates D from Z . These characters have degree 10 s 1 = 108 4
and 2-defect 7.
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We conclude that two pairs of characters in the single 2-block of
 .  .N C , all with 2-defect 7, fuse in N C . The above considera-2. M 1, 2 2. M .2 1, 222 22
tions yield the 2.B entries in the second column of Table 2 and tell us that
  . .k N C , 2.B, d, O N n is zero for all other combinations of d and O2. M 1, 2 222
satisfying the hypotheses of Theorem 2. This concludes the proof of
Lemma 4.6.2.
We next consider the normalizer of C in the factor group 4.M of1, 2 22
the covering group. We choose a faithful character n of the center N of4 4
4.M and prove22
LEMMA 4.6.3. The 4.B entries in the second column of Table 2 are as
gi¨ en.
 . 2.Proof. We recall from Sect. 2.3 the structure of N E as G i A .4. M 622
We note that the group E does not split over N , and the group G, which is4
the inverse image of E in 4.M , is the central product of an extra special22
5  .group of order 2 and N . Then Irr G N n contains just one character C,4 4
which has degree 4 and which must be invariant under S . We recall thatZ
 .  .the set Irr G i A N n s Irr G i A N C is in one-to-one correspon-Z 4 Z
 .dence with the set Irr A N j , where A is a central extension of A by aZ Z Z
.cyclic central subgroup L and j is a faithful linear character of L. We
w xknow from 8, p. 5 that the Schur multiplier of A is cyclic of order 6.6
Therefore,
 . 2.4.6.4 the Clifford extension of A ? G for the character C must6
correspond to 2. A .6
 .It follows that to find the degrees of the characters of N C , we4. M 1, 222
must use the degrees of the characters of 2. A , which are 4, 4, 8, 8, 10, and6
 w x.10, and multiply them by 4 see the Atlas 8 . This procedure yields
characters with 2-defects 5, 5, 4, 4, 6, and 6, respectively. As usual, these
characters lie in a single block, which must induce the only 2-block 4.B of
4.M . Since the outer automorphisms of M invert the generator of N ,22 22 4
the above calculations yield the 4.B entries of Table 2 and tell us that
  . .k N C , 4.B, d, O N n is zero for all other combinations of d and O4. M 1, 2 422
satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.6.3.
We note for future reference the following corollary to Lemma 4.6.3.
LEMMA 4.6.5. The degrees of the two characters of the Sylow 2-subgroup
 .4.S of 4.M and of 4.N E which lie o¨er n are 8 and 8, the degrees of22 M 422
the characters of the nonsplit extension D of D multiplied by 4.16 8
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w xProof. We know from cohomology theory 7, 10.1 that restriction from
a finite group G to a Sylow q-subgroup G induces a monomorphism ofq
n . n .the Sylow q-subgroup of H G, A into H G , A , for any prime q andq
any integer n. Thus we must look at the inverse images of the Sylow
q-subgroups of the factor group A2.. The only Sylow subgroups of A6 6
which are not cyclic occur when q s 3 or q s 2. The Sylow 3-subgroup is
 .Z = Z . Its inverse image is G i Z = Z . Using a result of Gallagher3 3 3 3
w x < <20, 8.15 , since the order 9 s Z = Z is relatively prime to the degree 43 3
of C, the character C can be extended in this case. We conclude from the
above remarks that C cannot be extended to a character of the inverse
image of the Sylow 2-subgroup D of A , since if it did that would imply8 6
that the complement A2. splits over 4.E s G in the Clifford extension.6
This gives us the result of the corollary.
We look next at the factor group 3.M with center N , Z . We choose22 3 3
a faithful character n of N . We prove3 3
LEMMA 4.6.6. The 3.B entries in the second column of Table 2 are as
gi¨ en.
Proof. It is immediately clear that the elementary abelian 2-subgroup
E of M splits over N . In considering the group A2., which lies in the22 3 6
 .normalizer N C , we note that A has an nonsplit extension by ZM 1, 2 6 322 w xand that the characters of 3. A are listed in the Atlas 8 . The construction6
of the extension 3.M was described in Sect. 2.2, using the central22
 .  .extension SL 3, 4 of PSL 3, 4 by the central subgroup N , Z . We3 3
recall that any Sylow 3-subgroup of A2. is also a Sylow 3-subgroup of M6 22
 .and hence is M -conjugate to a Sylow 3-subgroup of PSL 3, 4 . Then it is22
clear that in the extension 3.M the group A2. does not split because a22 6
3-Sylow subgroup of A2., which has form Z = Z , does not split. In fact,6 3 3
the inverse image of the Sylow 3-subgroup is an extra special group of
3  .order 3 and exponent 3. Therefore, the group N C is isomorphic3. M 1, 222
 .to the semidirect product E i 3. A and has five characters which lieZ
over the principal character of E with degrees the same as the degrees of
the characters for the extension 3. A , namely, 3, 3, 6, 9, and 15 see theZ
w x.Atlas 8 . There are also five characters which lie over an irreducible
 .character l / 1 of E which is stabilized by S s A . Then 3.S s4 6 l 4
 .3. A must be isoclinic to a split extension in 3.M since the cyclic6 l 22
Sylow 3-subgroup of S splits over N . Hence the degrees of these five4 3
characters will be equal to the degrees of the characters of S , which are 1,4
w x1, 2, 3, and 3, multiplied by 15 s A : S . This means the 2-defects of the6 4
characters are 7, 7, 6, 7, 7, 7, 7, 6, 7, and 7, respectively. As usual, the
characters lie in a single block which must induce the only 2-block 3.B of
3.M which has defect group larger that N . Since the outer automor-22 3
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phisms of M invert a generator of N , these calculations yield the 3.B22 3
entries in the second column of Table 2 and tell us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and3. M 1, 2 322
O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.6.6.
We next consider the normalizer of the radical 2-chain C in the1, 2
extension 6.M which has center N s N = N . We choose a faithful22 6 2 3
character n of N . We prove6 6
LEMMA 4.6.7. The 6.B entries in the second column of Table 2 are as
listed.
Proof. We determined above that the group E splits in both 2.M and22
3.M and thus it must split in 6.M . In the proof of Lemma 4.6.2 we22 22
found a complement E9 to N in 2.E which was stabilized by A3., a2 5
subgroup of A2.. We also found that a second complement E0 to N in6 2
 . 2.2.E was stabilized by a subgroup Z = Z i Z F A . In the extension3 3 4 6
3.M the group A2. does not split over N , and it is clear that the22 6 3
 .subgroup Z = Z i Z does not split over N either, since Z = Z is3 3 4 3 3 3
a Sylow 3-subgroup of A2.. However, the subgroup A3. of A2. must split6 5 6
 .over Z since its Sylow 3-subgroup is cyclic. Therefore, since Z 6.M s3 22
 .N s N = N , the degrees of the characters of N C which lie over6 2 3 6. M 1, 222
n are the degrees of the characters of A , which are 1, 3, 3, 4, and 5,6 5
 . .multiplied by 6 and those of the nonsplit extension 3. Z = Z i Z ,3 3 4
which are 3, 3, 3, and 3, multiplied by 10. This means that the 2-defects of
the characters are 7, 7, 7, 5, 7, 7, 7, 7, and 7, respectively. As usual, the
characters lie in a single block which must induce the only 2-block 6.B of
 .6.M which has defect group larger than O N . Since the outer auto-22 2 6
morphisms of M invert a generator of N , these calculations yield the22 6
6.B entries in the second column of Table 2 and tell us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and6. M 1, 2 622
O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.6.7.
Finally, we consider the maximal covering group 12.M . We choose a22
faithful character n of the center N s N = N of 12.M . We prove12 12 3 4 22
LEMMA 4.6.8. The 12.B entries in the second column of Table 2 are as
gi¨ en.
Proof. The elementary abelian group E does not split over N and4
hence it does not split over N . We found in the proof of Lemma 4.6.612
that the extension for n in 3. A2. does not split. Since n is a faithful3 6 3
linear character of N , its Clifford extension is equivalent to that extension3
itself. The Clifford extension for a direct product of two invariant charac-
COUNTING CHARACTERS IN BLOCKS 63
ters is the product of the Clifford extensions for these characters. There-
fore, we conclude that, since the inverse image of E in 12.M is G =22
N s 12.E, the Clifford extension for the product of C and n in 12. E3 3
2..i A is 6. A . It follows that in determining the degrees of the charac-6 6
  . .ters in Irr N C N n we must use those of the nonsplit extension12. M 1, 2 1222
6. A of A , which are 6, 6, 12, and 12, multiplying them by the degree 4 of6 6
 .the only character in Irr G = N N n . This means that the 2-defects of3 12
the characters are 6, 6, 5, and 5, respectively. As usual, the characters lie in
a single block which must induce the only 2-block 12.B of 12.M which22
has defect group larger than N . Since the outer automorphisms of M4 22
invert a generator of N , these calculations yield the 12.B entries in the12
  . .second column of Table 2 and tell us that k N C , B, d, O N n is12. M 1, 2 1222
zero for all other combinations of B, d, and O satisfying the hypotheses of
Theorem 2. This completes the proof of Lemma 4.6.7.
This completes our consideration of the entries in column 2 of Table 2.
We turn our attention to the chain C , which yields entries in column 3.2, 2
4.7. The Chain C2, 2
 .The next radical 2-chain to consider, C , has normalizer N C ,2, 2 M 2, 2222. 2. 2.  .E i S , where S F A . This normalizer is a subgroup of N E s4 4 6 M22
 . 2.N C s E i A . We can then quickly determine the degrees of theM 1, 2 622
 .characters of N C , as well as the action of the outer automorphismn. M 2, 222
group, in each of the covering groups n.M , from the work done in22
 .determining the results in the previous section. We know from 2.3.15 that
 . 2.  .N E s E i S , that the inverse image of N E in 4.M is theM .2 6 M 2222 222.  .semidirect product G i A , and, from 2.3.17 , that the inverse image of6
 . 2.N E in 4.M .2 can be identified with G i S . It follows, first, fromM .2 22 622 winformation about the maximal subgroups of A contained in the Atlas 8,6
xp. 5 , that
N C , E i S 2. = Z 2. , 4.7.1 .  . .M .2 2, 2 4 222
2.  :  .where we can choose Z to be the group s generated by s of 2.3.14 .2
We recall the construction of S 2. in Sect. 4.1. This group is generated by4
2.  4 X Xthe 4-group V s 1, k , z , kz , and by a copy S of S , where S s2 3 3 3
 3 :  .  .  .f , k z . Here k , z , f , and k were identified in 4.1.17 , 4.1.14 , 4.1.23 ,
 . 2. Xand 4.1.24 , respectively. The groups V and S can be identified with2 3
corresponding groups acting on the hexad Z as subgroups of S . InZ
2.particular, we calculate that V can be identified with V s2
  . .  . .  . .4 X1, z , z z , z , z , z z , z , z , z z , z , and the group S can be1 2 3 4 3 4 5 6 1 2 5 6 3
X  . .  . .:identified with S which is z , z , z z , z , z , z , z z , z , where3 1 5 4 2 6 3 1 4 2 3
 .the z were identified in 2.3.12 as the six elements of the hexad Z in P.i
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The element s can be identified with the involution s s
X . . .z , z z , z z , z . We calculate that s centralizes V and S , and1 2 3 4 5 6 3
X2.  :hence centralizes S s V, S . Therefore, we can identify4 3
 .  .4.7.2 the inverse image of N C in 4.M as the semidirectM 2, 2 2222
product G i S 2., and4
 .  .4.7.3 the inverse image of N C in 4.M .2 as the semidirectM .2 2, 2 2222
 2. 2..product G i S = Z .4 2
 .When n s 1, we find immediately that N C has 12 irreducibleM 2, 222
characters, 5 of which, with degrees 1, 1, 2, 3, and 3, lie over the trivial
character l of E, 5 of which, with degrees 3, 3, 3, 3, and 6, lie over a1
linear character l of E which has stabilizer D2. in S 2., and 2 of which,2 8 4
with degrees 12 and 12, lie over a linear character l of E with stabilizer3
Z in S 2.. This yields characters with 2-defects 7, 7, 6, 7, 7, 7, 7, 7, 7, 6, 5,2 4
and 5, respectively. As usual, the characters lie in a single block which
 .must induce the only 2-block 1.B of M . The structure of N C22 M .2 2, 222
 .implies that no characters of N C are fused, since the stabilizers ofM 2, 222
l , l , and l in S 2. = Z 2. are S 2. = Z 2., D2. = Z 2., and Z = Z 2.,1 2 3 4 2 4 2 8 2 2 2
respectively. We let n s 1. This gives us the 1.B entries in the third1
  . .column of Table 2 and tells us that k N C , 1.B, d, O N 1 is zero forM 2, 222
all other combinations of d and O satisfying the hypotheses of Theorem 2.
We next let n s 2 and let n be a faithful linear character of the center2
2. 2. 2. 2.N of 2.M . We let H s S and K s S = Z , where Z is generated2 22 4 4 2 2
by s . We prove
LEMMA 4.7.4. The 2.B entries in the third column of Table 2 are as gi¨ en.
Proof. The elements of the elementary abelian group GrG9 of order 25
are the images e of the e , where U runs over the 25 subsets of evenÄU U
 .order in Z. We seek the H-orbits and the K-orbits in the set Irr GrG9 N n 2
of all 16 linear characters of GrG9 lying over the nontrivial linear charac-
 . .ter n of N s N rG9. The permutation f s z , z , z z , z , z has2 2 4 1 5 4 2 6 3
 4  4orbits e e , e e , e e and e e , e e , e e consisting of the non-Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Äz z z z z z z z z z z z1 5 5 4 4 1 2 6 6 3 3 2
trivial elements in two different 4-groups V and V of GrG9. We have3 4
 .GrG9 s V = V = N rG9 . Since s exchanges V and V , it leaves invari-3 4 4 3 4
Äw xant V = V s GrG9, f . It follows that the unique linear character l g3 4 1
Ä .  .Irr GrG9 N n , with ker l s V = V , is fixed by s . Thus the stabilizer of2 1 3 4
Äl in K is1
X :  :  :  :K s N f s s = N f , s = S . 4.7.5 . .  .Äl K H 31
ÄHence l belongs to an H-orbit L of four characters, which is also a1 1
K-orbit. Note that K leaves invariant each of the three characters inÄl1Ä . .Irr GrG9 i H N l . Thus K leaves invariant the corresponding charac-Äl 11
 . .ters of degrees 4, 4, and 8 induced by these in Irr GrG9 i H N n .2
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 .Clearly none of the remaining 12 characters in Irr GrG9 N n can be2
fixed by a Sylow 3-subgroup of H. If x, y, z, w are four distinct elements of
Z, then we compute that
 :GrG9, x , y z , w s e e , e e , 4.7.6 .  .  .Ä Ä Ä Äx y z w
 .which is a 4-subgroup not containing N . We apply 4.7.6 to each of the2
 . .  . .  . .three nontrivial elements z , z z , z , z , z z , z , and z , z z , z1 3 2 4 1 2 3 4 1 4 3 2
of a 4-group H of H. It follows that2
 :w xGrG9, H s e e , e e , e e , e e , e e , e eÄ Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä2 z z z z z z z z z z z z1 3 2 4 1 2 3 4 1 4 2 3
is the subgroup of order 23 consisting of the e , where U runs over all theÄU
 4 w x  :subsets of even order in z , z , z , z . Clearly GrG9, H l a s 1.Ä1 3 2 4 2
Ä ÄX  .Thus there are two linear characters l and l in Irr GrG9 N n having2 2 2
w xGrG9, H in their kernel. Neither of these characters belongs to the orbit2
L since H intersects the normal 4-subgroup V of H trivially, whileÄ1 l1
H F H does not.Ä2 l2
 . w xUsing 4.7.6 , we see that GrG9, V contains a. Therefore, V cannot fixÄ
 .any character in Irr GrG9 N n . It follows that H is a 2-subgroup of HÄ2 l2
containing H but not V. The only such 2-subgroup is H itself. Thus2 2
XÄ ÄXH s H s H , Z = Z . Further, V must interchange l and l , sinceÄl l 2 2 2 2 22 2
 .these are the only characters in Irr GrG9 N n fixed by H , and V normal-2 2
w xizes H . Therefore, there is a single H-orbit L of length H : H s 62 2 2
XÄ Äcontaining both l and l . The element s centralizes H F H. Since2 2 2
w xGrG9, s s 1, e e e e , e e e e , e e e e 4.7.7 .Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Äz z z z z z z z z z z z 51 2 3 4 3 4 5 6 5 6 1 2
Äw x w xwe have a g GrG9, s ? GrG9, H . So s cannot fix l , that is, sÄ 2 2
Ä ÄX Ä ÄX . .exchanges l and l . Since z , z z , z also exchanges l and l , we2 2 1 2 5 6 2 2
XÄ Ä .  . .conclude that z , z s s z , z z , z fixes both l and l . Hence3 4 1 2 5 6 2 2
 . :  .:K s z , z , H s H i z , z , D . In particular, K ex-Ä Äl 3 4 2 2 3 4 8 l2 2
 . .changes two of the four linear characters in Irr GrG9 i H N l andÄl 22
fixes the other two. Thus K exchanges two of the four characters of degree
 .  .6 in Irr GrG9 i H N n induced by these four linear characters and2
fixes the other two.
 .There must be 16 y 4 y 6 s 6 other characters in Irr GrG9 N n . We2
calculate that the element
k s z , z , z , z z , z .  .1 4 2 3 5 6
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of H, corresponds to the element of order four k in D2. F S 2. defined in8 4
2 .  . . w x4.1.21 . Its square is k s z , z z , z . We compute that GrG9, k s1 2 3 4
 : 3e e , e e , e e e e has order 2 and does not contain a. It followsÄ Ä Ä Ä Ä Ä Ä Ä Äz z z z z z z z1 2 3 4 1 4 5 6 XÄ Ä :that there are precisely two k -invariant characters l and l in3 3
 .  :Irr GrG9 N n . The group V normalizes k and fixes no character in2
XÄ Ä .Irr GrG9 N n . Therefore, V interchanges l and l . Since no Sylow2 3 3
XÄ Ä  :3-subgroup of H fixes either l or l , we conclude that H s k . ThusÄ3 3 l3Ä ÄX w xl and l belong to the same orbit L of length H : H s 6 in3 3 3 l3
 .Irr GrG9 N n .2
 . w x w xIt follows from 4.7.7 that a g GrG9, k ? GrG9, s . Therefore, sÄ
Ä ÄX Ä . .must also interchange l and l . Now z , z z , z does not fix l since3 3 1 2 5 6 3
Ä  . .  :V does not fix l , but z , z z , z g V l k does fix l . Hence3 1 2 3 4 3
XÄ Ä .  . .z , z s s z , z z , z fixes both l and l . Thus K sÄ3 4 1 2 5 6 3 3 l3
 .  ::  :  .:z , z , k s k i z , z , D . In particular, K exchanges twoÄ3 4 3 4 8 l3Ä . .of the four linear characters in Irr GrG9 i H N l and fixes the otherÄl 33
two. Thus K exchanges two of the four characters of degree 6 in
 . .Irr GrG9 i H N n induced by these linear characters and fixes the2
other two.
 .In summary, there are three H-orbits in Irr GrG9 N n , the orbits L ,2 1
Ä Ä ÄL , and L of l , l , and l , respectively. They have orders 4, 6, and 6,2 3 1 2 3
Ä . .respectively. The set Irr GrG9 i H N l contains three characters with1
Ä . .degrees 4, 4, and 8, all fixed by K. The set Irr GrG9 i H N l contains2
four characters with degrees 6, 6, 6, and 6, two of which are fixed by K and
Ä . .two of which are exchanged by K. The set Irr GrG9 i H N l also3
contains four characters with degrees 6, 6, 6, and 6, two of which are fixed
by K and two of which are exchanged by K. These characters must lie in a
single block, which must induce the only 2-block 2.B of 2.M . Their22
2-defects are 6, 6, 5, 7, 7, 7, 7, 7, 7, 7, and 7, respectively. This gives us the
2.B entries in the third column of Table 2 and tells us that
  . .k N C , 2.B, d, O N n is zero for all other combinations of d and O2. M 2, 2 222
satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.7.4.
For n s 4 we let n be a faithful linear character of the center N of4 4
 .4.M and recall that we found in 4.6.4 that the Clifford extension of22
2. 2.A .G for C does not split. Since the group S has the same Sylow6 4
2. 2.2-subgroup as A , we conclude that the Clifford extension of S .G for C6 4
 .does not split either. Thus the degrees of the characters of N C4. M 2, 222
which lie over n are the degrees of the characters of a nonsplit extension4
2.S of S , which are 2, 2, and 4, multiplied by 4. This yields characters4 4
with 2-defects 6, 6, and 5, respectively. As usual, the characters lie in a
single block, which must induce the only 2-block 4.B of 4.M . This gives22
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us the 4.B entries in the third column of Table 2 and tells us that
  . .k N C , 4.B, d, O N n is zero for all other combinations of d and O4. M 2, 2 422
satisfying the hypotheses of Theorem 2.
We next let n s 3 and let n be a faithful linear character of the center3
N of 3.M . In the extension 3.M , we found, in Lemma 4.6.6, that E3 22 22
splits. It is also true that 3.S must be a split extension of N , since S has4 3 4
no central extension by Z . Therefore, the degrees of the characters of3
 .  .N C which lie over n are the same as those of N C . As3. M 2, 2 3 M 2, 222 22
usual, the characters lie in a single 2-block b. We recall from Sect. 4.5 that
there are two 2-blocks of 3.M . The block 3.B9 has a Sylow 2-subgroup22
 .N of N as a defect group. However, the defect group of b must be at3 2 3
  ..  .least as big as O N C which is certainly larger than N . The2 3. M 2 3 222
block b3. M22 induced by b must have a defect group containing the defect
group of b. Hence b3. M22 must be the other 2-block 3.B of 3.M . This22
gives us the 3.B entries in the third column of Table 2 and tells us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and3. M 2, 2 322
O satisfying the hypotheses of Theorem 2.
Now we let n s 6, let n be a faithful linear character of the center N6 6
of 6.M , and recall that 3.S 2. is a split extension of N . It follows that the22 4 3
normalizer 6.S 2. must also be a split extension of N in the extension4 6
6.M of 2.M by N . Therefore the degrees of the characters of22 22 3
 .N C which lie over n are the same as the degrees of the characters6. M 2, 2 622
 .of N C which lie over n . As usual, the characters lie in a single2. M 2, 2 222
block and, using an argument similar to the one above in the case where
n s 3, we conclude that this block must induce the block 6.B of 6.M .22
This gives us the 6.B entries in the third column of Table 2 and tells us
  . .that k N C , B, d, O N n is zero for all other combinations of B, d,6. M 2, 2 622
and O satisfying the hypotheses of Theorem 2.
Finally, we let n s 12 and let n be a faithful linear character of the12
center N of 12.M . From the above remarks it is clear that the12 22
normalizer 12.S 2. must also be a split extension of N in 12.M , which is4 12 22
an extension of 4.M by N . Thus the degrees of the characters of22 3
 .N C which lie over n must be the same as the degrees of the12. M 2, 2 1222
 .characters of N C which lie over n . As usual, the characters lie in4. M 2, 2 422
a single block which must induce the block 12.B of 12.M , using an22
argument similar to the one in the case where n s 3. This gives us the
12.B entries in the third column of Table 2 and tells us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d,12. M 2, 2 1222
and O satisfying the hypotheses of Theorem 2.
We have yet to consider the chain C and the entries in the last3, 2
column of Table 2. We shall do so in the next and final section.
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4.8. The Chain C3, 2
 .We turn our attention to the chain C , whose normalizer N C is3, 2 M 3, 2222. 2.  .equal to F i S , where S acts on F as SL 4 . We begin with n s 1.5 5 2
Since the center N of M is trivial, we set n s 1. We prove1 22 1
LEMMA 4.8.1. The 1.B entries in the last column of Table 2 are as gi¨ en.
Proof. We notice that the 15 nontrivial linear characters of F form a
single S -orbit. We then calculate that the group F i S 2. has 12 irre-5 5
ducible characters, 7 of which, x , . . . , x with degrees 1, 1, 4, 4, 5, 5, and1 7
6, lie over the principal character of F, and 5 of which, x , . . . , x with8 12
degrees 15, 15, 15, 15, and 30, lie over a linear character of F which has
stabilizer D in S . These characters then have 2-defects 7, 7, 5, 5, 7, 7, 6,8 5
7, 7, 7, 7, and 6, respectively. They lie in a single 2-block which must
therefore induce the block 1.B of M .22
 .We consider next the normalizer N F of F in M .2. Suppose thatM .2 2222
l is a nontrivial linear character of F. In particular, we may take l to be
the character which maps
1 0 0
u s g Fa 1 0
b 0 1
 .  .Tra.  . F4 .to l u s y1 where Tr a s Tr a . Then clearly l is fixed by s ,F 42
 .   .whose image generates Out M , as well as by s . See 2.1.10 and22 2
 . .  2.. 2.2.1.6 . Further, the stabilizer A of l in A , the complement of F in5 l 5
 .  .N F described in 4.1.7 , is the set of all elements of the formPS L3, 4.
1 0 0
0 1 0 ,
2v e e 1
since
1 0 0
2 2v e d c d
2 2v e f e f1 0 0 1 0 0
l s la 1 0 a 1 0 0b 0 1 b 0 1 0
 .  .if and only if Tr fa q db s Tr a for all a, b g F , which implies that4
d s 0, f s 1, and, therefore, c s 1. The kernel of l clearly contains all
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elements of the form u with a s 0. We see that
s21 0 0 1 0 0
0 1 0 0 1 0s ,
2 2v e e 1 v e e 1
and
s41 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0s ' mod ker l . .
2 2 2 2v e e 1 v e e 1 v e e 1
 .Therefore, conjugation by s s g M .2 y M centralizes N F modulo4 2 22 22 l
 .the kernel of l. Clearly s s centralizes F. The same result holds if l is4 2
 .the trivial character of F. Thus there is no fusion of characters of N FM22
 .in N F . These considerations give us the 1.B entries in the lastM .222
  . .column of Table 2 and tell us that k N C , 1.B, d, O N 1 is zero for allM 3, 222
other combinations of d and O satisfying the hypotheses of Theorem 2.
This completes the proof of Lemma 4.8.1.
We turn next to the factor group 2.M of the covering group. The22
 :center of 2.M is N , N r y 1 . We choose a faithful character n of22 2 4 2
N .2
LEMMA 4.8.2. The 2.B entries in the last column of Table 2 are as gi¨ en.
 . 2.Proof. We recall the construction of 4.N E as G i A in Sect. 2.3. It6
is clear that the elementary abelian group F of order 24 is a subgroup of
 . 2.N E , E i A , since the latter consists of all elements of either formM 622
 . X4.1.6 , where the a and a lie in F and all determinants are 1. It isi j 4
Ästraightforward to calculate that F splits over N . We let F denote the2
inverse image of F in 2.M . A Sylow 5-subgroup of S has form Z . It22 5 5
Äacts faithfully and irreducibly on the factor group FrN . Since 5 and 2 are2
Äw xrelatively prime, this implies 15, 5.3.5 that the group F is a direct product
Ä Äw xF, Z = N . Thus there is one complement of F to N in F which is5 2 2
Ä Ästabilized by Z . Denote by l the unique linear character of F, lying over5
Äw x  .  .n , with kernel F, Z . Then clearly N Z , Z i Z F S . We noteÄ2 5 S 5 5 4 5 l5Äthat S does not stabilize l because this would imply that a Sylow5
2-subgroup of M splits over N , which it does not. Therefore, a Frobe-22 2
nius group of the form Z i Z , which is maximal in S and has order 20,5 4 5
Ä Ä .is the stabilizer of l in S . The resulting S -orbit in Irr F N n has length5 5 2
w x6 s S : Z h Z . A Sylow 3-subgroup of S has form Z . Using the5 4 5 5 3
w xsame argument as above, as well as the fact that F, Z s F, we conclude3
that the normalizer of Z in S , which is of the form Z = S and is3 5 2 3
Ä Ä .maximal in S , stabilizes a unique character l in Irr F N n . The resulting5 1 2
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Ä . w xS -orbit in Irr F N n has length 10 s S : Z = S . Since 10 q 6 s 16,5 2 5 2 3
Ä .this and the preceding orbit account for all the characters of Irr F N n .2
We claim that the inverse image N .S of S in 2.M is isoclinic to a split2 5 5 22
extension. The derived group of the inverse image N .S of S in 4.M is4 5 5 22
isomorphic to either 2. A or A . So this derived group intersects N in at5 5 4
 .most V N . We factor this last group out to obtain N . This means that4 2
the derived group of N .S is A , which implies that N .S is isoclinic to a2 5 5 2 5
 .  .split extension. Since N . Z = S F N .S and N . Z h Z F N .S , it2 2 3 2 5 2 4 5 2 5
 .  .follows that N . Z = S and N . Z h Z are also isoclinic to split2 2 3 2 4 5
 .extensions. Therefore, the degrees of the characters of N C which lie2. M 322
over n are the degrees for the group Z h Z , which are 1, 1, 1, 1, and 4,2 4 5
multiplied by 6, together with the degrees for the group Z = S , which2 3
are 1, 1, 2, 1, 1, and 2, multiplied by 10. The 2-defects of these 11
  . .characters in Irr N C N n are 7, 7, 7, 7, 5, 7, 7, 6, 7, 7, and 6,2. M 2, 3 222
respectively. The characters lie in a single block, which must induce the
only 2-block 2.B of 2.M .22
 .We turn our attention to N F . We compute first the normalizer2. M .222
 .  .  .  .in 2.N F .2 s N F of a Sylow 3-subgroup Z of 2.N F s N F .2. M .2 3 2. M22 22
We make use of the results of Lemma 3.4.2, where we found the normal-
 .izer N H of H , which is conjugate to Z , to be isomorphic to4. M .2 1 1 322
 .  :  :.N (Q i e , r = s , i . Let s , e , i , r , and Q be the4 8 3 2 3 2 3 3 2 2 8
 .  4  4elements and subgroup used to construct N H . Then "s , "e ,4. M .2 1 3 322
 4  4  4  ."i , "r , and Q r "1 are their respective images in N H .2 2 8 2. M .2 122
tÄ 4There is some t g 2.M such that s s "s generates Z gÄ Ä22 3 3 3
tÄ tÄ tÄ Ä  ..  4  4  4Syl 2.N F . We set e s "e , i s "i , r s "r , and V sÄ Ä Ä3 3 3 2 2 2 2 4
tÄ  4.Q r "1 in 2.M .2. Then s , e , i , and r have orders 3, 3, 2, and 2,Ä Ä Ä Ä8 22 3 3 2 2
Ä  :respectively, while V is a 4-group. The subgroup s , e , i , r is theÄ Ä Ä Ä4 3 3 2 2
 :  :  :  :direct product s , i = e , r of s , i , S and e , r , S .Ä Ä Ä Ä Ä Ä Ä Ä3 2 3 2 3 2 3 3 2 3
Ä :  :The factor s , i centralizes N = V , while the other factor e , rÄ Ä Ä Ä3 2 2 4 3 2
Äcentralizes N and acts faithfully on V as the full automorphism group2 4
 .  :.Aut V , S . In view of Lemma 3.4.1 we have N s s N =Ä4 3 2. M .2 3 222Ä  :.  :V i e , r = s , i , Z = S = S . In particular,Ä Ä Ä Ä4 3 2 3 2 2 4 3
 .  :.4.8.3 N s splits over N .Ä2. M .2 3 222
 .  .The normalizer 2.N F is the semidirect product 2.F i S of the5
inverse image 2.F of F in 2.M with an S acting faithfully on F as22 5
 . 2  .  .SL 4 acts on F . Since Out S s 1, the factor group 2.N F .2r2.F ,2 4 5
 .S .2 is a direct product 2.N F .2r2.F s S = Z of the image S of S5 5 2 5 5
 :with some cyclic group Z of order 2. We may assume that s F S .Ä2 3 5
X  .Then the image s of s in 2.N F .2r2.F generates a Sylow 3-subgroupÄ Ä3 3
X X X :  :.  :.s of S . The normalizer N s s N s = Z is the imageÄ Ä Ä3 5 S =Z 3 S 3 25 2 5
 :.  .of N s in 2.N F .2r2.F. Since s fixes no nontrivial elementÄ Ä2. NF ..2 3 3
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 :.  .of F, we have that N s s C s s N . Hence we have an exactÄ Ä2. F 3 2.F 3 2
sequence
F X :  :1 ª N ª N s ª N s = Z ª 1.Ä Ä .  .2 2. NF . .2 3 S 3 25
 :.  .Since N s splits over N by 4.8.3 , so does it subgroupÄ2. M .2 3 222
 :.  :.N s . Therefore, the group N s is isomorphic to N =Ä Ä2. NF ..2 3 2. NF ..2 3 2
X :.  :.N s = Z in such a way that N s is isomorphic to N =Ä ÄS 3 2 2. NF . 3 25 X :.N s . It follows thatÄS 35
 :  :N s s N s = Z , 4.8.4 .Ä Ä .  .2. NF . .2 3 2. NF . 3 2
  :..for some Z , Z . Thus every character in Irr N s is fixed byÄ2 2 2. NF . 3
 :.   . .N s . Therefore, the characters in Irr N C N n with de-Ä2. NF ..2 3 2. M 3, 2 222
 .grees 10, 10, 20, 10, 10, and 20 are all fixed by 2.N F .2.
We recall that a Sylow 5-subgroup of S has form Z , with normalizer5 5
 .Z i Z . We consider next the normalizer in 2.N F .2 of this Z . The5 4 5
inverse image of Z in 2.M is N = Z . By the character table for M in5 22 2 5 22
the Atlas, the inverse image of Z is a split extension of the form4
N = Z . The group Z fixes exactly two points in P, namely the two2 4 5
w x  . 2.  .points 1, 0, 0 and u fixed by PSL 3, 4 s F i A . Therefore, N Zw1, 0, 0x 5 5
 .  .  .  .is contained in M s N F . So 2.N Z s N Z s N =22 w1, 0, 0x, u4 5 2. M 5 222 Ä .  .  .  .  :Z i Z . Evidently 2.N Z .2 s N Z s 2.N Z ? b , where5 4 5 2. M .2 5 522Ä2 Ä Ä .  .b g 2.N Z and b f 2.N Z . Conjugation by b must leave invariant5 5
 .the normal Sylow 5-subgroup Z of 2.N Z . Since Z acts by conjugation5 5 4
Ä Ä .as Aut Z , we may multiply b by an element of Z and assume that b5 4
Ä2  .centralizes Z . This forces b to lie in N s C Z .5 2 2. NZ . 55Ä Ä :We may choose b so that b , 2.Z is a 2-group. Then the commutator4
Äw xb , D , where D is a generator of Z , must lie in the two normal subgroups4
 .  .  .C Z and 2.N Z of 2.N Z .2. Hence it lies in their intersection2. NZ ..2 5 5 55 Ä :  .N = Z where N s a . It follows that either b centralizes 2.N Z , orÄ2 5 2 5
Äbthat D s D a.Ä
We shall show that the latter case holds. We shall use the fact that, as
w xDade has proved in 13 , the M-A-D conjecture holds for 2.M .2 and the22
prime 5, since the Sylow 5-subgroup of 2.M is cyclic. This tells us that the22
  . . outer automorphism acts on the five characters in Irr 2.N Z N n of5 2
.degrees 1, 1, 1, 1, and 4 exactly as it acts on the five characters lying in the
unique 5-block 2.B of 2.M lying over n and having Z as its defect5 22 2 5
 .  .group. From the Atlas, the characters in Irr 2.B s Irr 2.B N n are x ,5 5 2 15
x , x , x , and x , whose orbits under the outer automorphism are17 18 19 20
 4  4  4x , x , x , and x , x . So the outer automorphism must permute15 17 18 19 20
  . .the characters in Irr 2.N Z N n in three orbits of lengths 1, 2, and 2.5 2
Ä  .This tells us that b cannot centralize 2.N Z . Hence we must have that5ÄbD s D a.Ä
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 .All of this implies that two pairs of conjugacy classes in N F are2. M22
 .fused in N F . It follows that two pairs of characters are also fused2. M .222 Ä  .under this action. Now b centralizes N Z . Hence the characters of5
 .N Z lying over the trivial character of N cannot be fused. There-2. M 5 222 Ä  ..fore, the four characters in Irr N Z moved by b must all lie over n .2. M 5 222
These characters have degrees 1, 1, 1, 1, and 4, which means that the
Ächaracters moved by b must be the four characters of degree 1. We
 .conclude that N F moves the corresponding characters of degree 62. M .222
 .and 2-defect 7 in Irr 2.M N n . This gives us the 2.B entries of the last22 2
  . .column of Table 2 and tells us that k N C , 2.B, d, O N n is zero2. M 3, 2 222
for all other combinations of d and O satisfying the hypotheses of
Theorem 2. This completes the proof of Lemma 4.8.2.
We look next at the factor group 4.M of the covering group. We set22
n s n , a faithful linear character of the center N of 4.M , and prove4 4 22
LEMMA 4.8.5. The 4.B entries in the last column of Table 2 are as gi¨ en.
Proof. The factor group 4.M has center N . We recall that S 2. acts22 4 5
 .on F as the semidirect product of L 4 with its Galois automorphism.2
 . 2.The Sylow 2-subgroup S of N C , F i S is also a Sylow 2-subgroup3, 2 5
 . 2.of N C , E i A . It has structure F i D , as well as E i D . We1, 2 6 8 8
 .determined in 4.6.5 that the degrees of the irreducible characters of 4.S
which lie over n are 8 and 8, the degrees of the characters of the nonsplit4
 .extension 2.D of D multiplied by 4. We calculate in 4.N E that the8 8
w xderived group 4.F, 4.F is nontrivial. For example, we take elements
1 0 0
s s e e g 4.F ,1 1 0 z z5 6
0 0 1
which maps to
1 0 0
g F ,1 1 0
v 0 1
and
1 0 0
t s e e g 4.F ,v 1 0 z z3 4
1 0 1
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which maps to
1 0 0
g F ,v 1 0
v 0 1
w xand find that s, t s y1. Therefore, the group 4.F has the same structure
as 4.E s G. Then 4.F has a unique character C9 with degree 4 lying over
n . The Sylow p-subgroups of S are all cyclic except when p s 2.4 5
Therefore, the character C9 can be extended to the inverse image of Sylow
p-subgroups of S in the cases when p / 2. If the character C9 could be5
extended for p s 2 we would get a character of 4.S with degree 4 lying
over n , which we do not. Thus the Clifford extension of S for c cannot4 5
be isoclinic to a split extension. Hence it must be isoclinic to 2.S s5
 .  .2. A .2. It follows that the degrees of the characters of N C , which5 4. M 322
lie over n , are found by taking the degrees of the characters of 2.S , which4 5
 w x .are 4, 4, 4, 6, and 6, and multiplying them by 4. See the Atlas 8 . This
procedure yields the 2-defects 5, 5, 5, 6, and 6, respectively. These
characters lie in a single block, which must induce the only 2-block 4.B of
4.M . This gives us the 4.B entries of the last column of Table 2 and tells22
  . .us that k N C , 4.B, d, O N n is zero for all other combinations of d4. M 3, 2 422
and O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.8.5.
We look next at the factor group 3.M with center of the form22
N , Z . We choose a faithful character n of N and prove3 3 3 3
LEMMA 4.8.6. The 3.B entries in the last column of Table 2 are as gi¨ en.
Proof. It is immediately clear that the elementary abelian 2-subgroup F
of M splits over the subgroup N . Similarly, S must split in 3.M , since22 3 5 22
S has no central extension over Z . Therefore, the degrees of the5 3
 .characters of N C which lie over n are the same as those of the3. M 3, 2 322
 .normalizer N C which were identified in Lemma 4.8.1 above. TheseM 3, 222
characters, therefore, have 2-defects 7, 7, 5, 5, 7, 7, 6, 7, 7, 7, 7, and 6,
respectively. They lie in a single block, which must induce the only 2-block
3.B of 3.M which has defect group larger than N . This gives us the 3.B22 3
entries of the last column of Table 2 and tells us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and3. M 3, 2 322
O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.8.6.
Next we consider the normalizer of chain C in the factor group 6.M .3, 2 22
The center of 6.M is N , N = N . We choose a faithful character n22 6 3 2 6
of N and prove6
LEMMA 4.8.7. The 6.B entries in the last column of Table 2 are as gi¨ en.
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 .Proof. Since the normalizer N C is a split extension of N in3. M 3, 2 322
3.M , it follows that in the extension 6.M of 2.M by N the group22 22 22 3
 .N C must also be a split extension of N . Therefore, the degrees of6. M 3, 2 322
 .the characters of N C which lie over n are the same as the degrees6. M 3, 2 622
 .of the characters of N C which lie over n . These were calculated2. M 3, 2 222
in Lemma 4.8.2 above. They have 2-defects 7, 7, 7, 7, 5, 7, 7, 6, 7, 7, and 6,
respectively. These characters lie in a single block, which must induce the
 .only 2-block 6.B of 6.M which has defect group larger than O N . This22 2 6
gives us the 6.B entries of the last column of Table 2 and tells us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d, and6. M 3, 2 622
O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.8.7.
Finally we consider the covering group 12.M , which has center N ,22 12
N = N . We choose a faithful character n of N and prove3 4 12 12
LEMMA 4.8.8. The last two entries in the last column of Table 2 are as
gi¨ en.
 .Proof. Since the normalizer N C is a split extension of N in3. M 3, 2 322
3.M , it follows that in the extension 12.M of 4.M by N the group22 22 22 3
 .N C must also be a split extension of N . Therefore, the degrees of12. M 3, 2 322
 .the characters of N C which lie over n are the same as the12. M 3, 2 1222
 .degrees of the characters of N C which lie over n . These were4. M 3, 2 422
calculated in Lemma 4.8.5 above. These characters have 2-defects 5, 5, 5,
6, and 6, respectively. They lie in a single block, which must induce the
only 2-block 12.B of 12.M which has defect groups larger than N . This22 4
gives us the 12.B entries of the last column of Table 2 and tells us that
  . .k N C , B, d, O N n is zero for all other combinations of B, d,12. M 3, 2 1222
and O satisfying the hypotheses of Theorem 2. This completes the proof of
Lemma 4.8.8.
This completes the verification of all entries in Table 2 and, hence,
completes the proof of Theorem 2. Therefore, we have verified that the
M-A-D conjecture holds for any proper covering group of the Mathieu
group M and any prime p.22
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